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Abstract

We consider a stochastic model of a financial market with long-
lived dividend-paying assets and endogenous asset prices. The model
was initially developed and analyzed in the context of evolutionary
finance, with the main focus on questions of “survival and extinction”
of investment strategies. In this paper we view the model from a
different, game-theoretic, perspective and examine Nash equilibrium
strategies, satisfying equilibrium conditions with probability one.
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1 Introduction

We examine a stochastic model of a financial market with long-lived dividend-
paying assets and endogenous market clearing asset prices. The model is
a version of that proposed in Evstigneev et al. (2006) and then analyzed
primarily in the context of evolutionary finance (for a survey of the field
see Evstigneev et al. (2009)). The main focus in evolutionary finance is
on questions of “survival and extinction” of investment strategies (portfolio
rules). In this paper we view the model from a different perspective and treat
its decision-theoretic framework as a game in which the payoffs of the players
(investors) are defined in terms of the growth rates of their relative wealth.
We show that in the game under consideration the Kelly (1956) portfolio
rule of “betting your beliefs” forms with probability one a unique symmetric
Nash equilibrium strategy.

Game-theoretic models of asset markets dealing with relative wealth of
investors were considered by Bell and Cover (1980, 1988). In those models,
the objectives of the players were described in terms of the expectations of
random payoff functions. The notion of a Nash equilibrium defined in terms
of these expectations was used as a game solution concept. We consider a
different (stronger) solution concept : almost sure Nash equilibrium. Ac-
cording to our definition of an equilibrium strategy, any unilateral deviation
from it leads to a decrease in the random payoff with probability one, and
not only to a decrease in the expected payoff.

The focus on optimality almost surely is characteristic for capital growth
theory (Kelly (1956), Breiman (1961), Algoet and Cover (1988), Hakansson
and Ziemba (1995), MacLean et al. (2010)), dealing in its classical version
with exogenous asset prices. Results related to evolutionary finance models
may be regarded as analogues, and in certain cases as generalizations, of those
pertaining to classical models of capital growth. A fundamental distinction
between the two modelling frameworks lies in the fact that in the former
the dynamics of wealth of an investor might depend (via the endogenous
price formation mechanism) not only on his/her strategy, but also on the
strategies used by the other investors. Therefore in the present context a
game-theoretic model, rather than a single-agent optimization framework, is
a suitable setting for the analysis of questions related to capital growth.

The paper is organized as follows. Section 2 describes the model, Section
3 states the main results and Section 4 gives the proof of the main theorem.



The Appendix contains the proof of a technical lemma.

2 The model

We consider a market where X' > 2 assets are traded. The market is in-
fluenced by random factors modeled in terms of independent identically dis-
tributed random elements sq, s, ... in a measurable space S. At each date
t=1,2,...assets k = 1,2, ..., K pay dividends Dg(s;) > 0 depending on the
“state of the world” s; at date t. The functions Dj(s;) are measurable and
satisfy

™)~

Dy(s) > 0 for all s. (1)
k=1

This condition means that in each random situation at least one asset yields

a strictly positive dividend. The total volume (the number of units) of asset

k traded in the market at date t is V; = Vi x(s') > 0, where s := (s1, ..., $;)

is the history of the process (s;) from time 1 to time ¢. For ¢t = 0, V;; is a

constant number, and for ¢t > 1, V, x(s") is a measurable function of s'.

We denote by p; € ]Rff the vector of market prices of the assets. For each
k=1,.., K, the coordinate p;; of pr = (pi1, ..., pr.x) stands for the price of
one unit of asset k at date t. There are N > 2 investors (traders) acting
in the market. A portfolio of investor i at date ¢t = 0,1, ... is specified by
a vector zj = (z},,..., 7} ) € RY where z, is the amount (the number of
units) of asset k in the portfolio #. The scalar product (p;, 2%) = S, PerTy
expresses the value of the investor i’s portfolio z} at date ¢ in terms of the
prices py .

At date t = 0 the investors have initial endowments w) > 0 (i =
1,2,...,N) that form their budgets at date 0. Investor i’s budget (wealth)
at datet > 1 1is

wh = (Dy + praiy), )

where

D, == D(s,) := (Di(s,), ..., Dc(s1)).

It consists of two components: the dividends (D,,z!_,) paid by the portfolio
x! | and the market value (p;, x! ;) of the portfolio ! ;| expressed in terms of
the today’s prices p;. A fraction a; = ay(s'™1) of the budget is invested into
assets. We suppose that the investment rate 0 < a;(s'™1) < 1 is the same
for all the traders, although it may depend on time and random factors. We
assume that oy is predictable: it depends on the history s'=! of the process
(s¢) up to time t — 1 (not t). The number 1 — oy can represent the taz



rate or the consumption rate. The assumption that 1 — «; is the same for
all the investors is quite natural in the former case. In the latter case it is
indispensable since we focus in this work on the analysis of the comparative
performance of trading strategies (portfolio rules) in the long run. Without
this assumption, an analysis of this kind does not make sense: a seemingly
worse performance of a portfolio rule in the long run might be simply due to
a higher consumption rate of the investor.

We shall suppose that the function a;(s'~1) is measurable (for ¢t = 0,1 it
is constant) and satisfies the following condition:

ar(s'h) < Viw(s')/Vieaw(s™): (3)

This condition holds, in particular, when the total mass V; ;. (s") of each asset
k does not decrease, i.e. when the right-hand side of (3) is not less than one.
But (3) does not exclude the situation when V;; decreases at some rate, not
faster than ay.

An investment strategy (portfolio rule) of trader i = 1,2, ..., N is specified
by a vector of investment proportions A\ = (X}, ..., \%) according to which
he/she plans to distribute the available budget between assets at each date
t. Vectors \* belong to the unit simplex

AR = {(ay,...,ag) > 0: a; + ... + ax = 1}.

Strategies of this kind are called fized-mix, or constant proportions, portfolio
rules: they prescribe to select investment proportions at time 0 and keep
them fixed over the whole infinite time horizon.

The class of fixed-mix strategies we consider in this work is quite com-
mon in financial theory and practice; see, e.g., Perold and Sharpe (1988)
and Browne (1998). Under certain conditions, strategies with constant in-
vestment proportions lead to the growth of the portfolio value (“volatility
pumping”— Luenberger (1998)). From the theoretical standpoint, this class
of portfolio rules provides a convenient laboratory for the analysis of ques-
tions we are interested in. It makes it possible to formalize in a clear and
compact way the concept of the type of an investor which determines the
performance of his/her portfolio rule in the long run. A similar approach is
common in evolutionary game theory (e.g. Weibull (1995)).

In the model at hand, the asset market evolves in time, remaining in the
state of a dynamic short-run (temporary) equilibrium'. The notion of market

In this paper, we use the term ”equilibrium” in two different meanings. Here it is
related to market equilibrium: a situation when asset supply is equal to asset demand.
Later, the same term will apear in a game-theoretic context. It will pertain to Nash
equilibrium strategies in a certain dynamic game.
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equilibrium is defined as follows. Suppose each investor ¢ = 1,..., N has
selected a strategy — a vector of investment proportions A = (X}, ..., \%) €
AKX Then at date t > 0, the amount invested in asset k by trader 7 is ay\;w!
and the total amount invested in asset k is a; 3.1, New?, where w! is the 4’s
budget. It is assumed that the market clears (asset supply is equal to asset
demand), which makes it possible to determine the equilibrium price p; s of
each asset k from the equations

N
PekVig = atz A};wi, k=1,.. K. (4)

i=1

On the left-hand side of (4) we have the total value p; Vi, of all the assets
of the type k in the market (recall that the amount of each asset k at date ¢
is Vix). The right-hand side represents the total wealth invested in asset k
by all the investors. Equilibrium implies the equality in (4). The investment
proportions i, ..., A% chosen by the traders determine their portfolios z! =
(2} 1, ...} i) at date ¢ by the formula

gl = 2 K, i=1,..,N. (5)

' Dtk

Note that for t > 1, the price vector p; is determined implicitly as the
solution to the system of equations (4), which can be written

N
PeiVer = e Y NADi+prai_y), k=1, K. (6)

=1

It can be shown that under assumption (3) a non-negative vector p; satisfying
these equations exists and is unique (for any s' and any feasible z! | and
A)—see Proposition 1 in Amir et al. (2009).

Given a strategy profile (A, ..., AV) of investors and their initial endow-
ments wé, e wév, we can generate a path

(pt;$§7-~-a$iv)a (7)

of market dynamics, by defining the price vectors p; = p;(s') and the portfo-
lios x! = zi(s") recursively according to equations (4)-(5).

A comment regarding the above description of asset market dynamics is
in order. Equations (5) make sense only if p; > 0, or equivalently, if the
aggregate demand for each asset (under the equilibrium prices) is strictly
positive. Those strategy profiles (A, ..., AV) which guarantee that the recur-
sive procedure described above leads at each step to strictly positive equi-
librium prices will be called admissible. In what follows, we will deal only



with such strategy profiles. The hypothesis of admissibility guarantees that
the random dynamical system under consideration is well-defined. Under
this hypothesis, we obtain by induction that on the equilibrium path, all the
portfolios x} = (]}, ..., 2] ) are non-zero and the wealth w; = (Dy+py, 7;_,)
of each investor is strictly positive. Further, by summing up equations (5)
over i = 1,..., N, we find that

i Doimi AWy DeiVik
LTk = = = Vik (8)
i1 Ptk Ptk

(the market clears) for every asset k and each date ¢ > 1. Thus for every

equilibrium state of the market (p;, z},...,2), we have p; > 0, 2! # 0 and

(8).

We give a simple sufficient condition for a strategy profile to be admissible
which will hold for all the strategy profiles we shall deal with in the present
paper. Suppose that some trader, say trader 1, uses a portfolio rule that
prescribes to invest into all the assets in strictly positive proportions A} (a
completely mized portfolio rule). Then a strategy profile containing this
portfolio rule is admissible. Indeed, for ¢ = 0, we get from (4) that po; >
aoVy e Awg > 0 and from (5) that z§ = (2, ...,28 ) > 0 (coordinatewise).
Assuming that x;_; > 0 and arguing by induction, we obtain (D;+py, x| ;) >
(Dy,z}_;) > 0 in view of (1), which in turn yields p; > 0 and z} > 0 by virtue
of (4) and (5), as long as A} > 0.

3 The main results

Let (Al ..., \") be an admissible strategy profile of the investors. Consider
the path (7) of the random dynamical system generated by this strategy
profile and the given initial endowments. As above, let w! denote the investor
1’s wealth available at date t > 0. If t = 0, then wé is a constant number, the
initial endowment of investor i. If ¢ > 1, then w! = wi(s') is a measurable
function of s* given by formula (2). As we have noted above, wi(s') > 0.

We are primarily interested in the long-run behavior of the relative wealth
of the investors (players). Given a strategy profile (A, ..., \"), the perfor-
mance of a strategy A\* used by investor ¢ will be characterized by the following
random variable

i
Wy

Zj;ﬁi wy
The expression w/ > i w,{ is the relative wealth of player ¢ and the group
{j : j # i} of i’s rivals. The random variable £ = £/(s°; AL, ..., \Y) depends

. 1
¢ :=limsup, . —In
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on the strategy profile (A, ..., A\) and on the whole history s> := (sy, 9, ...)
of states of the world from time 1 to oo. In the game under consideration, &°
plays the role of the (random) payoff function of player i.

We shall say that a strategy A forms a symmetric Nash equilibrium almost
surely (a.s.) if

E(5 N, A) > (5™ N, N, A (aus.) (9)

for every i, each strategy A of investor ¢ and each set of initial endowments
wg > 0,...,wd > 0. The Nash equilibrium is called strict if the inequality in
(9) is strict.

Recall that we consider only those strategy profiles which are admissible.
If all the players use the same strategy ), then the strategy profile (X, ..., \)
is admissible if and only if the vector X is strictly positive. This is immediate
from (6).

Assume that the total mass V,j of each asset k grows (or decreases) at
the same rate v, = v, (s'1) > 0:

Vik/Vicig =7 (t > 1). (10)

Thus
W,k(st_l) = %(St_l)-~-72<51)71vka (11)

where Vi, > 0 (k = 1,2,..., K) are the initial amounts of the assets. The
growth rate process ~; (like the investment rate process ay) is predictable: ~,
depends only on the history s'~! of the states of the world up to time t—1. In
the case of dividend-paying assets involving investments in the real economy,
assumption (10) means that the economic system under consideration is on
a balanced growth path.

Define the relative dividends of the assets k =1,..., K by

Dy (s1) Vi

Rk(St) = (12)
Zizl Dm(st)vm
It follows from (10) that
Rop — KDt,kV;t—l,k .
Zmzl Dt,m‘/;t—l,m
where Ry = Ry(s;) and Dy = Dy(s;). Define
v =FERk(s), k=1,2,..,. K (13)

and put A\* = (A}, ..., \%). The portfolio rule specified by (13) prescribes
to distribute wealth across assets in accordance with the proportions of the
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expected relative dividends (which do not depend on ¢ because the random
elements s; are i.i.d.).

The strategy \* is a generalization of the Kelly portfolio rule of “betting
your beliefs” playing an important role in capital growth theory—see Kelly
(1956) and MacLean et al. (2010). The “beliefs” are expressed here in terms
of the expected relative dividends.

Assume that the following conditions hold.

(R1) For each k, the expectation ERy(s;) is strictly positive.

(R2) The functions R;(s), ..., Rk(s) are linearly independent with respect
to the probability distribution of s;, i.e. the equality > v Ri(s¢) = 0 holding
a.s. for some constants ~, implies that v, = ... = v = 0.

(R3) There exist constants 0 < p’ < p” < 1 such that the process

pu(s 1) = (s s

satisfies p' < p(st™1) < p”.

Condition (R1) implies that the vector A* has strictly positive coordinates.
Hypothesis (R2) can be interpreted as the absence of redundant assets. Con-
dition (R3) states that the discount factor p; cannot be too close to 0 and 1.
Under these assumptions, the following theorem holds.

Theorem 1. The portfolio rule \* is a unique strategy forming a sym-
metric Nash equilibrium a.s. This equilibrium is strict.

This result implies the following property of the portfolio rule A*. If all
the investors except one, say investor ¢, use the strategy A* and i uses any
other strategy A distinct from \*, then the relative wealth w}/ > i w] of i
tends to zero at the exponential rate £ < 0 (a.s.). In other words, the group
of the Kelly investors drives the non-Kelly one out of the market, which is
interpreted in evolutionary finance as the property of evolutionary stability
of \*.

The result on the evolutionary stability of A\* (without an exponential
estimate of the convergence rate) follows from Theorem 1 in Evstigneev et al.
(2008) requiring that the state space S is finite and all the strategies under
consideration are completely mixed. It is important to note that results
of this kind cannot, in general, be extended to settings going beyond the
framework of the i.i.d. random parameters s;. The reason for this lies in the
fact that in more general settings, the analogues of the Kelly portfolio rule \*
do not belong to the class of constant proportions strategies. They belong to
broader classes of portfolio rules where there might be strategies ” coexisting”
with the generalized version of A* (strategies that cannot be driven by A* out
of the market) — see Amir et al. (2009).



4 Proofs

A key role in the proof of Theorem 1 is played by a lemma which we formulate
below. Consider a measurable vector function R(s) = (Ri(s), ..., Rk (s)) on
S satisfying (R1) and (R2). For any A = (A1,...,\x) € AX, k€ (0,1] and
pr<p<p" (see (R3)), define

K AL
2 k=1 lpre + (1= p) Bi(s) ey
K *
> ecaloi + (1= p) Ri(s) e
where \; = ERj(s). The function F,(\, k;s) is well-defined and takes on
finite non-negative values.

Lemma 1. For any A\ € AK distinct from \*there exist constants H > 0
and 0 > 0 such that

F,(\ k;s) == ) (14)

Emin{H,In F,(\,k;s)} > 6 (15)

for all k € (0,1] and all p € [p', p"].

The proof of this lemma is routine, but rather lengthy, and we relegate it
to the Appendix.

For the proof of Theorem 1, we will need a description of a system of
equations governing the dynamics of the market shares

i i J
Ty = wt/ § Wy
J

of the investors given their admissible strategy profile (A!, ..., A"). Consider
the path (7) of the random dynamical system generated by (A!,...,A) and
the sequence of vectors r; = (r},...,r)") of the market shares of the investors
at date t. It is proved in Amir et al. (2009), Proposition 2, that the following
equations hold:

K

il = Z[pt+1<>\ka Tee1) + (1= pry1) Reyo gl
=1

i
AT

D)’ (16)

1=1,....,N,t>0.

In fact, we will show that in the proof of Theorem 1 it is sufficient to
consider the case of two investors (N = 2). In this case, the analysis can be
reduced to the consideration of the ratio

i =l fu?



of the market shares of investors 1 and 2 using the strategies \* = (A}, ..., \i)
and A = (A1,...,Ax). The dynamics of z; are described by the following

equation
K M
2 k=t [P A+ (1= popn) Revn k) 52t

ct K )\* Ak ’
D ohmalprei Ay + (1 — Pt+1)Rt+1,k]>\,§zz+Ak

(17)

241 =

For a proof of (17), see Amir et al. (2009), Proposition 4.

Proof of Theorem 1. To prove that \* forms a strict symmetric Nash
equilibrium a.s. it is sufficient to consider the case of two investors 1 and 2,
using A* and A, and show that

liminf, ..t 'Inz >0 (a.s.), (18)

where z; is the ratio of the market shares of 1 and 2. To demonstrate that
the problem reduces to the case of two investors, let us first observe that
by virtue of symmetry, it is sufficient to verify the property (9) for i = N.
Suppose investors : = 1,2, ..., N —1 use \* and investor N uses A # A\*. Then
the total market share r} :=r! + ...+ 'of i =1,2,.., N — 1 satisfies

K

A*T*
* . N k"t
i = ;{Ptﬂ[)\krﬁl + M) + (1 - pt+1)Rt+1,k}W'

(19)

This relation is obtained by summing up equations (16) overi = 1,2, ..., N—1.
At the same time, by virtue of (16), we have

K

ri =Y Apea i + ]+ (1 - Pt+1)Rt+1,k}/W*k+—i\krjv-
k=1 k't t

(20)

Thus the vector (7, 7) evolves in time as the vector (7}, 7?) of market shares

of two investors using the strategies A* and A, respectively. If we know that

(18) holds, then

N/ * * 1 -1 in 1 —1 TtN _
EY(N, LA A) =limsup,_ ot In— = limsup, , ¢ In— =
wy Tt

limsup, . (—t 'Inz) = —lim inf (t 'lnz) < 0= &Y\, .., A5, 0 (as.),

t—o00

where the last equality holds because the market shares of all the investors
remain constant, as long as all of them use the same strategy (see (16)). This
proves that \* forms a strict symmetric Nash equilibrium.

10



Let us verify (18). Put G; = In(z:/21). Then

T T

Z G, = Z(lnzt —1Inz 1) =Inzp — In 2.

t=1 t=1

Therefore it suffices to prove that lim infy_, 771 Zthl G: > 0 (a.s.). For any
constant H define G := min{G,, H}. Since G < G, it is sufficient to prove
that

T
.1
lim T1E£o? Z;Gf >0 (a.s.) (21)
for some H.
Observe that
K AE
241 Yo lperi e + (1 — pt—&-l)Rt-&-l,k])\ZZt—i/\k
Gy =In— =In — - =
“t 2kt lpra A+ (U= ) Rkl 52,

K Ax
Zk:l [pt+1)\k + (1 - pt+1)Rk(8t+1)] AZT’H‘)\:U—T%) 1
HSoR \E 4 (1 Ri( o InFp (A 75 s041),
Zk:l[pt-H k ( o pt-i-l) k St—i-l)] Neri A (1—r])

where 7} = r}(s') and p1 = piri1(s’) (recall that the process p; is pre-

dictable). By virtue of Lemma 1, there exist H > 0 and § > 0 such that
E,GL, > 4, where Ey(-) = E(+]s") is the conditional expectation given s’ and

GEH (st+1) =min{H,In F,,_ (A, TtI (s);8641)}-

When computing E;G} we fix s and take the unconditional expectation of
Gﬁl with respect to s;,1, which is justified because s* and s;,; are indepen-
dent.

Finally, we have

T T T
1 1 1
t=1 t=1

t=1

Since G¥ is uniformly bounded, we can apply to the process B := G —
E;_1GH the strong law of large numbers for martingale differences (see, e.g.,
Hall and Heyde (1980)), which yields %Zthl B — 0 (as.). Therefore
liminf 7-' 327 GF > §, which proves (21).

Suppose a strategy A # \* forms a symmetric Nash equilibrium with
probability one. Then

0 =&V N, ., A) >N (52N, ., A 0 (as)), (22)

11



where
N

r

V(s> N, ..., A\, \F) = limsup, ¢ In —* -
By interchanging A and A* in formulas (19) and (20), we obtain that the
vector (r} + ...+ 1 rN) evolves in time as the vector (#},72) of market
shares of two investors using the strategies A and \*, respectively. As we

have proved above, this implies

N

liminf, .t 'ln LN >0 (a.s.).

Thus £V (s%; A, ..., A\, A*) > 0, which yields the inequality ”<” in (22). This
is a contradiction. O

5 Appendix

Proof of Lemma 1. We first observe that the function F,(\, k; s) satisfies
F,(\ K;8) > ¢, (23)

where ¢ := ming A;, (> 0). Indeed, F,(A, k;s) = A/B, where A > ¢, and

pe<B<ct (24)

Case 1. Assume that at least one of the coordinates of A is zero, so that
K :={k: )\, =0} #0. Then

A== p) SR+ YA+ (1 )R]

keK k¢K

Ak
Nk 4+ Ap(1 — k)

and
Ak

k¢K
By virtue of (R1), there exists # > 0 such that ), Ri(s) > 6 for all s in a
set S with P(S) > 0. Therefore dix '1g(s) < A < k~1D;, where 1g(s) is the
indicator function of the set S, d; := (1 — p")f and D; := 1+ (minge¢x Ap) L
Also, we have dy < B < D,, where dy := p'cminggk A\ and Dj := ! (see
(24)). Thus

Kk 'dlg(s) < F,(\ k;s) <k 'D, (25)

where d := d; /Dy and D := D;/d,. From the first of these inequalities and
(23) we obtain (Ind —Ink)15(s)+ (2Inc)(1 — 15(s)) < In F,(\, k;s), and so
Emin[H,In F,(\, k; s)] > 2Inc+ min(H,Ind — In k) P(S).

12



Define |91
K= exp[lnd—l_DT_;c], H:=InD—-Ink (26)

and observe that if 0 < kK < kK, then
Emin[H,In F,(\, k;8)] > 2Inc+ (Ind — Ink)P(S) = 1 (27)

by virtue of the inequality d < D. If k > &, then In F,(\, k;s) <InD—Ink <
InD —Ink = H, and so min[H,In F,(\, k; s)] = In F,,(\, k; s). Thus in order
to complete the proof of the lemma in the case when A has zero coordinates
it remains to show that

_ inf ElnF,(\ k;s) >0 (28)
k€[R,1], p€lp’,p"]
for each & € (0,1]. Indeed, then H can be defined by (26) and § can be
defined as the minimum of 1 (see (27)) and the infimum in (28).

By virtue of (23) and (25), the function E'ln F,(\, k; s) is continuous on
the compact set [p/, p"] X [, 1] and hence it attains its minimum on this set.
Thus, in order to establish (28) it is sufficient to prove that E'ln F,(\, k;s) >
0 for each p € [0,1) and & € (0, 1].

By applying Jensen’s inequality, we find

K
A*
Elnd [phi+(1—p)R k >
;,0 g P)BA(s >])\ZI€+)\1€(1—I{)
K K
/\k)\k >‘k
1 1-pElS R >
P ;A;ﬁﬂku—ﬁ)*( ) n; ) S0 iy 2
K K
AR Ak
1 1— ALl 29
pn;)\;m+)\k(l—n)+( ”%; Sty g WG
and
Elnz pAL + (1= p)Ri(s)] A <
Nk + (1 — k)
- Ai A
1 ElpAi +(1—p)R h ok
n{; [PAL A+ (1= p) Bk )]A*H+Ak(1—n Z)\*H—i—)\kl—ﬁ)
(30)
The inequality in (30) is strict because there is no constant vy such that
- A
N+ (1—p)R i = v (a.s.). 31
;[0 (L= Ry gy = 7 (as) (31)

13



Indeed, if (31) holds, then

> [N+ (1= p)Ri(s))y = 0 (as.), (32)

where 75, := A\ [Ajr+Ae(1—r)] "' —~. Observe that at least one of the numbers
Yk is not equal to zero. Otherwise A\ = Y[Aik + \e(1 — k)] for all k, and
by summing these equalities over k, we get v = 1, which yields A\, = A\jx +
Me(1=K), A\fk = \gk, and A\j = Ag (recall that x # 0). This is a contradiction
because A\ # \*. Thus v = (71,...,7x) # 0, and 30| Rp(s)y = b(ass.),
where b is some constant. This constant is not zero because the functions
Ry (s) are linearly independent. By setting v, := 7x/b, we obtain that the
non-zero vector 7 = (94, ..., ) satisfies >, Ri(s)y, = 1(a.s.), which
yields S°8 | Ri(s)(7, — 1) = 0(a.s.). In view of the linear independence of
Ry(s), this implies 7] = ... = v = 1. Since vy, = by, = b, we obtain that the
left-hand side of (32) is equal to b # 0, which is a contradiction.
From (29) and (30) we get

K A YD)
En F,(\ r:5) > (1-p)[Y_ A\ In k —lny S

k=1
(33)
Denote the expression in the square brackets in (33) by ®,(A). It is proved
in Evstigneev et al., pp. 337-338, that

®,.(N) > 0 for each k € [0, 1] (34)

if A > 0. Therefore ®,(A(1—¢)+eA*) > 0 for each € > 0. The function @, (\)
is finite and continuous on AX (because A} > 0 and k > 0). Consequently,
O, (N) = lim.jpPu(A(1 —€) +eX*) > 0. By using (33), we obtain that
ElnF,(\ k) >0forall pe[0,1)and x € (0,1]. This completes the proof of
the lemma in the case when the vector A has zero coordinates.
Case 2. Now assume that Ay > 0 for each k. Then the function In F, (X, ; s)

is well-defined, finite, continuous with respect to (p, k) on the set [p’, p”'] x[0, 1]
(including x = 0) and uniformly bounded:

2lnc <InF,(\ k;s) < ln(mkin )72

To complete the proof it is sufficient to show that the infimum in (28) with
K = 0 is strictly positive (then ¢ can be defined as this infimum and H as
2|Inc| + 2|Inmin Ax|). In view of the continuity of Eln F,(A, k;s) this will
be proved if we establish the inequality £'In F,(\, k;s) > 0 for each p € [0,1)
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and k € [0,1]. If k > 0, this inequality is proved by exactly the same
arguments as above — by deriving relations (29), (30), (33) and using (34).
If Kk = 0, we change the above arguments as follows: instead of strict, we
establish non-strict inequalities in (30) and show that the right-hand side of
(33) is strictly positive, because ®o(A) = ST0_ A:In(Ai/Ax) > 0.
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