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1 Introduction

In this paper, we study the probabilistic representation of the weak solution of a class of
parabolic partial differential equations (PDEs) on R? with p-growth coefficients

%(t,x) = Zv(t,x) + f(z,v(t,z), (0*Vv)(s,2)), 0<t<T,
v(0,2) = h(z), (1.1)

by the solution of the corresponding backward stochastic differential equations (BSDEs) in
p-weighted L? space. Here .Z is a second order differential operator

1< 02 d )

& = §i;1aij(x)m+;bi(x)a—xi, (1.2)
(ai;(z)) is a symmetric matrix with a decomposition (a;;(x)) = (04;(x))(0i;(x))*, f : (z,y,2) —
f(z,y,2) is a function of polynomial growth in y and Lipschitz continuous in z. Many partial
differential equations arising in physics, engineering and biology have polynomial growth non-
linear terms e.g. KPP-Fisher equations, Allen-Cahn equations and Ginzburg-Landau equations.
The representation provides an important connection between stochastic flows generated by .Z
and the weak solutions of PDEs possibly with polynomial growth coefficients. In connection
with the classical solutions of the linear parabolic PDEs, the well-known Feynman-Kac formula
provides the probabilistic representation for them and originated many important developments
(Feynman [8], Kac [12]). An alternative probabilistic representation using only the values of a
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finite (random) set of times to the linear heat equations was obtained recently by Dalang,
Mueller and Tribe [4]. This idea made it possible for them to obtain corresponding formula for
a wide class of linear PDEs such as some wave equations with potentials. The Feynman-Kac
formula has played important roles in problems such as the large deviation theory of Donsker
and Varadhan [6], Wentzell and Freidlin [23], small time asymptotics of heat kernel and its
logarithmic derivatives, in particular on Riemannian manifolds (Elworthy [10], Malliavin and
Stroock [16]). The Feynman-Kac formula has been extended and used to quasi-linear parabolic
type partial differential equations, especially, in the study of the generalized KPP equations
using the large deviation theory method by Freidlin [9], using the semi-classical probabilistic
method by Elworthy, Truman and Zhao [7]. The study of the quasi-linear parabolic type PDE
is based on an equation of the Feynman-Kac type integration of stochastic functionals. The
approach of the backward stochastic differential equations, pioneered by Pardoux and Peng
[19], [20] originally, provided an alternative approach to the classical solution of the parabolic
type PDEs, when the coefficients of the PDE are sufficiently regular and Lipschitz continuous.
This was extended to the viscosity solution of a large class of partial differential equations and
BSDEs. They include the linear growth case considered by Lepeltier and San Martin [15], the
quadratic coefficients (in z) considered by Kobylanski [13], Briand and Hu [3], and the polyno-
mial growth coefficients in Pardoux [18]. The solution of the BSDEs in above cases gives the
probabilistic representation of the classical or viscosity solution of the PDEs as a generalization
to the Feynman-Kac formula. Applications of BSDEs have been found in some problems such
as a model in mathematics of finance (El Karoui, Peng and Quenez [11]), as an efficient method
for constructing I'-martingales on Riemannian manifolds (Darling [5]), and as an intrinsic tool
to construct the pathwise stationary solution for stochastic PDEs (Zhang and Zhao [24], [25]).

The Feynman-Kac approach to a Sobolev or L? space valued weak solution of PDEs has
been concentrated mainly on linear problems. Many important progress has been made e.g.
in quantum field theory (see [22]). The probabilistic approach to the weak solution of quasi-
linear PDEs stayed behind. Regularity of the solutions, even in the sense of weak derivative,
was not given in Freidlin’s probabilistic approach of generalized solution formally represented
by the Feynman-Kac formula ([9]). The BSDEs start to show some usefulness in this aspect,
when the coefficients are of Lipschitz continuous in the space L2(R%R') @ L2(R%R?) or of
linear growth, and monotone, from the work of Barles and Lesigne [2], Bally and Matoussi [1],
Zhang and Zhao [24], [25]. The objective of this paper is to move away from the assumption
of the linear growth of f and from considering the classical or viscosity solution of PDEs to
establish the probabilistic representation for the weak solution of such polynomial growth PDEs.
Although the connection of BSDEs with the viscosity solution for the cases of quadratic and
polynomial growth has been obtained in [13], [18] respectively, the existing methods in the study
of BSDEs for finding the solution of the BSDEs in L2(R%R') @ L2(R% R?) are not adequate
to solve the problem of the weak solution of BSDEs with p-growth coefficients. The fixed
point method in M?([t, T]; LZ(R%; RY)) @ M?([t, T]; L2(R%; R?)), which is equivalent to finding
a strongly convergent sequence in the same space, seems difficult to work for the problem with
p-growth coefficients. It is also inadequate to use a combination of the weak convergence in
finite dimensional space developed by Pardoux [18] and the weak solution method developed by
Bally and Matoussi [1], Zhang and Zhao [24], [25] to solve this problem. We need to introduce
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some new ideas to the study of BSDEs. The progress of this problem was made when we
realized that, in addition to the method of Zhang and Zhao ([24], [25]), as well as the standard
approach using Alaoglu lemma to find a weakly convergent sequence (Y™, Z™), we can use the
equivalence of norm principle and Rellich-Kondrachov Compactness Theorem to get a strongly
convergent sequence Y. Our recent result on the S?([t, T], L2(R% RY)) @ M2([t, T; L2(R% R?))
valued solution of BDSDEs with nonlipschitz linear growth coefficients made it possible for us
to study the BSDEs in S?P([t, T], L2P(R% RY)) @ M?([t, T]; LZ(R%; R?)) with polynomial growth
coefficients, even without assuming f being locally Lipschitz continuous in y. Of course, we need
to assume the monotonicity condition of f in y. Moreover, it is also an essential step to prove
the strong convergence of Z™ in M?([t, T}, L, (R%; R%)) from the result of the strong convergence
of Y™ and It6’s formula. The weak convergence and compact embedding method has been used
in the study of PDEs. However, as far as we know, to use this kind of argument to the study
of BSDE, this paper is the first time in literature. The equivalence of norm principle and very
careful probabilistic (measure theoretical) and analytic arguments including localization made
it work in the probabilistic context. However, the probabilistic case is a lot more complicated
than the deterministic PDEs case as we need to work on the space 2 ® [0,7] ® R? and solve
the equation with probabilistic one, instead only work on [0, 7] ® R? in the deterministic PDEs
case. The probabilistic representation can be regarded as a generalized Feynman-Kac formula
to the weak solution of the PDEs with p-growth coefficients and is new in literature. We believe
our method will be useful to other types of BSDEs and PDEs as well.

After this paper was completed, we were informed the paper Matoussi and Xu [17]. But
we would like to point out what we have proved as well as our methods are different. No-
tice the convergence (Y% ZL&m) is only a weak convergence along a subsequence according
to the Alaoglu lemma. If one considers weak convergence in M?([t,T],R') @ M?([t, T]; R)),
which worked well in Pardoux [18] for the case of viscosity solutions of the PDEs, then each
weak convergence is for a fixed z, and the choice of subsequence may depend on z. How-
ever, this will cause serious problems when one considers weak solutions. Our approach to
avoid this essential difficulty is to find a subsequence of the weak convergence in the space
M?([t,T], L2(R%RY)) @ M2([t, T]; L2(R%; R%)). The whole point and major difficulty of this
approach are to pass the limit term by term in the approximating equation to the desired limit.
This is achieved in our paper by obtaining a strong convergent subsequence of (Y}®n, Zt@:m)
in M2([t,T],L§(Rd;R1)) ® Mz([t,T};Lf)(Rd;Rd)) using the Rellich-Kondrachov compactness
theorem and generalized equivalence of norm principle as we have already mentioned.

2 The main results

In this paper, we study the weak solutions of a class of parabolic PDEs with p-growth coef-
ficients, their corresponding backward stochastic differential equations (BSDEs) in a Hilbert
space (p-weighted L? space) and the probabilistic representation of the weak solutions of (1.1)
by using the solutions of BSDEs. We start from the following SDE:

Xt :x—l—/ b(X,f"”)dr+/ o(XEMYdW,, s>t (2.1)
t t
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where W is a R? Brownian motion on a probability space (£2,.%, P), and b : R? — R¢, ¢ : RY —
R¥*4 are measurable. We consider a slightly more general BSDEs by allowing f depending on

time explicitly:
T T
Yrstyz = h(X;x) + / f(T7 X7t‘@7Y7‘t,z7 Zﬁz)dT - / <Zf"z7dWT>a (22)

where f: [0,7] x R? x R! x RY — R! and h : R? — R! are measurable. More conditions on b, o,
f are needed and will be specified later. The Hilbert space Lf,(R‘i; R¥) is the space containing
all Borel measurable functions i: R? — R¥ such that [, < l(z),l(z) > p~*(z)dz < oo, with
the inner product

(u1,ug) = /Rd < uy(2),uz(x) > p~*(x)dz,

where p(z) = (1 + |2])9, ¢ > d, is a weight function. The Banach space L?’(R%R') is the
space containing all Borel measurable functions I: RY — R! such that [p, [?P(z)p~! (z)dz < oo
with the norm ||l||L§p(Rd) = (Jpa l2p(:1c)p_1(x)dx)ﬁ. It is easy to see that p(x) : R — R! is
a continuous positive function satisfying fRd p~Y(z)dx < oo. Note that we can consider more
general p which satisfies the above condition and conditions in [1] and all the results of this
paper still hold. For k£ > 0, we denote by Cf the set of C*-functions whose partial derivatives
of order less than or equal to k are bounded and by H l’f the p-weighted Sobolev space (See e.g.
[1]). Now we assume the following conditions for the coefficients in SDE (2.1) and BSDE (2.2):

(H.1). For a given p > 1, [p. |h(z)[??p~ ! (2)d2 < cc.

(H.2). There exists a constant C > 0 and a function fy with fOT Jza lfo(s,z)PPp~ 1 (z)dads < oo
st | f(s,z,y,2)| < C(lfo(s,x)| + |y|P + |2|), where p is the same as in (H.1).

(H.3). There exists a constant € R! s.t. for any s € [0,7], y1,y2 € R, x,2 € R4,

(y1 — y2) (f(s, 2,91, 2) — f(s,2,52,2)) < plys — yal”

(H.4). The function (y, z) — f(s,z,y, z) is continuous and z — f(s,z,y, z) is globally Lipschitz
continuous with Lipschitz constant L > 0, i.e. for any s € [0,7T], y € R!, x, 21, 20 € RY,

|f(3755‘ay731) - f(8a$7y7z2)| < L|Zl - Zgl.

(H.5). The diffusion coefficients b € CZ(R%GRY), o € CP(R%GRY x RY) and o satisfies the
uniform ellipticity condition, i.e. there exists a constant D > 0 s.t. £*(o0™*)(z)¢ > DE*¢ for
any £ € RY.

It is easy to see that for a.e. z € RY, (YA, Z6%) solves BSDE (2.2) if and only if (Y%, Z6%) =
(ersYh® ers Z1%) solves the following BSDE:

T T
Y/st’x = eMTh(X%I) + / f(ﬁ X7€7x7 f/rtﬂ:7 Zﬁﬂ:)dr - / <Zﬁ,w7 dW’l">7 (23)

where f(r,m,y,z) = el f(r,x,e *y, e z) — uy. We can verify that f satisfies Conditions
(H.2), (H.3) and (H.4). But, by Condition (H.3), for y;,y> € R!, and z,z € R!,
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(yl - yQ)(f(Sa T, Y1, Z) - f(57x792a Z))
= e (e Sy — e ) (f(s,x e Myr, e 0z) — f(s,m,e M ys, e 0 2)) — ulyr — y2) (Y1 — y2)

< peSle oy — e yal® — plyr — 2l = 0.

Now we give the definition for the solution of BSDE (2.2) in the p-weighted L? space. First
define the space for the solution (Y:"", Z""). We denote by A the class of P-null sets of .% and
let 7, £ FV\J N, for 0 <t < T. We recall some definitions.

Definition 2.1 (Definitions 2.2 in [24]) Let S be a Banach space with norm || - ||s and Borel
o-field .7 and q > 2 be a real number. We denote by M4([t,T];S) the set of B([t,T)) & F |
measurable random processes {¢(s) }i<s<r with values in S satisfying

(i) ¢(s): 02— S is F5 measurable fort < s <T;

) T
(it) E[[, lo(s)lgds] < oo.

Also we denote by Si([t,T);S) the set of B([t,T]) ® F /¥ measurable random processes
{¥(s) }i<s<r with values in S satisfying

(i) ¥(s) : 2 — S is F5 measurable fort < s <T and (-,w) is continuous P-a.s.;
(i1) Blsupiescr [0()|2] < oo.

Definition 2.2 (Definitions 3.1 in [24]) A pair of processes (Y1, ZL") is called a solution
of BSDE (2.2) if (V'™ 7) € §%([t, T); L2 (R% RY)) @ M2([t, T); LR RY)) and (Y2, 76)
satisfies (2.2) for a.e. x, with probability one.

Since (Y., Z1) € S?([t, T); L2 (R%; RY)) @ M2([t, T); L2(R% RY)) if and only if (Y., Z1) €
S22([t, T); L2P(REGRY)) @ M2 ([t, T; L2 (R% RY)), so we claim (Y[, Z57) is the solution of BSDE
(2.2) in the p-weighted L? space if and only if (Y}*, Z4%) is the solution of BSDE (2.3) in p-
weighted L? space. Therefore we can replace, without losing any generality, Condition (A.4)

by
(H.3)*. For any s € [0,T], y1,y2 € R, z, 2 € RY,

(yl - y2)(f(87$ay1,2) - f(saxvy%z)) S 0

The main purpose of this paper is to prove the following two theorems. The first one is
about the existence and uniqueness of solutions to BSDE (2.2):

Theorem 2.3 Under Conditions (H.1), (H.2), (H.3)*, (H.4) and (H.5), BSDE (2.2) has a
unique solution (Y., Z1") € S2([t, T); L2 (R4 RY)) @ M2([t, T); LA(R%; RY)).

BSDE (2.2) corresponds to the following PDE with p-growth coeflicients:

%(t,x) = —Zu(t,z) — f(t,z,u(t,z), (c*Vu)(s,x)), 0<t<T,
u(T,x) = h(x). (2.4)

The other main theorem is the probabilistic representation of PDE (2.4) in the p-weighted
L? space through its corresponding BSDE:
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Theorem 2.4 Define u(t,z) = Y, where (Y5*, Z4%) is the solution of BSDE (2.2) under
Conditions (H.1), (H.2), (H.3)*, (H.4) and (H.5), then u(t,x) is the unique weak solution of
PDE (2.4). Moreover,

u(s, X1®) = YH* (0*Vu)(s, X1®) = Z5 for a.a. s € [t,T], = € R? ass.

Noticing f is of p-growth on y, we recall the definition for the weak solution of PDE (2.4):

Definition 2.5 Function u is called the weak solution of PDE (2.4) if (u,0*Vu) € L*([0,T}; L2P
(REGRY)) @ LA([0,T); L2(REGRY)) and for an arbitrary ¢ € C°(R%GRY),

/}Rdu(t,x)go(x)dx—/Rdu(T,x)gp(x)da:—;/tT/Rd (V) (s, 2)) (0" Vo) (2)dds
_/tT/Rd u(s, 2)div((b— A)p) (z)dwds
_ /t ! /R (s uls, @), (07 V) (s, ) p(a)dads (2.5)

Here A; £ 1577 Oa{;;(im)’ and A = (A1, Ay, - -, Ag)*.

We give the proofs of these two theorems in the latter sections.

In Sections 3-5, by making use of truncated BSDEs, we first deal with BSDE (2.2). To prove
BSDE (2.2) has a unique solution, we use the Alaoglu lemma to derive a weak convergence
sequence in Section 3 and further use the equivalence of norm principle and Rellich-Kondrachov
Compactness Theorem to get a strong convergence sequence in Section 4. Then we complete
the proofs of Theorem 2.3 in Section 5 and consider the corresponding PDE (2.4) to obtain
Theorem 2.4 in Section 6 which gives the probabilistic representation to the weak solution of
PDE (2.4).

Remark 2.6 Let u be the weak solution of PDE (2.4) with coefficient f(x,u,(c*Vu)) which
is independent of t, we can see easily that v(t) = u(T —t) is the unique weak solution of PDE

(1.1).

3 The weak convergence

Assume f satisfies Conditions (H.2), (H.3)" and (H.4). We first use a standard cut-off technique
to study a sequence of BSDEs with nonlinear function f,, satisfying the linear growth condition
on y. The S?([t, T]; L2P(R%; RY)) @ M2([t, T; L2(R%; R?)) valued solution for this kind equation
was studied in [25]. For this, we define for each n € N

fn(S,Z&y,Z) zf(s,x,Hn(y),z), (3'1)
where IT,,(y) = %y Then f, : [0,7] x R? x R? x R? — R! satisfies
(H.2)'. For any s € [0,T], y € R, 2,2 € R? and the constant C given in (H.2),

[fu(s,2,y,2)| < C(|fo(s,2)| + [nf” + |2]).
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(H.3)'. For any s € [0,T], y1,y2 € R}, 2 € RY,

(1 — y2) (fa(s, 2,91, 2) = fu(s, 2,92, 2)) <O.

(H.4)". The function (y,2) — fu.(s,2,y,2) is continuous, and for any s € [0,7], y € R!,
z, 21,22 € R? and the constant L given in (H.4),

‘fn(saxayazl) - fn(s7x,y722)| S L|Zl - ZQ|'

To see (H.3)', if IT,,(y1) = IT,,(y2), it is obvious; if IT,,(y1) # II,,(y2), then

(yl - yQ)(fn(Sa T, Y1, Z) - fn(saxay%'z))

= (1) = Tn2)) (/52 Ma(y2),2) = 50, a9, 2)) g S — o5 <0

We then study the following BSDE with the global Lipschitz coefficient f,:

T T
yhen = h(X%x) +/ fnlry X,’f’m,YTt’m’",Zﬁ’m’")dr—/ (ZE=n dW,). (3.2)

Notice that under the conditions of Theorem 2.3, the coefficients h and f,, satisfy Conditions

(H.1), (H.2)" and (H.4)'. Hence by Theorems 2.2 and 2.3 in [25], we have the following propo-

sition:

Proposition 3.1 ([25]) Under the conditions of Theorem 2.3, for f, defined in (3.1), BSDE
; ; ,T,M ,Z,m 2 . T72(TRd. 1 2 . T72(T0d. TRd

(8.2) has a unique solution (Y®", Zo®") € S*([t, T]; L7 (R%RY)) @ M?([t, T]; Ly (R RY)). If

we define Y;'"™ = uy (t, ), then u,(t,x) is the unique weak solution of the following PDE

%(t,x) = —Lup(t,x) — fn (t,:mun(t,x), (or*Vu)(t,x))7 0<t<T,

Moreover,
U (5, X0T) = YE2" (0" Vu,)(s, X0®) = ZL®™ for a.a. s € [t,T], € R? as.

The key is to pass the limits in (3.2) and (3.3) in some desired sense. For this we need some
estimates that go beyond those in [24] and [25]. Before we derive some useful estimations to
the solution of BSDEs (3.2), we give the generalized equivalence of norm principle which is an
extension of equivalence of norm principle given in [14], [2], [1] to the cases when ¢ and ¥ are
random.

Lemma 3.2 (generalized equivalence of norm principle [24]) Let p be the weight function de-
fined at the beginning of Section 1 and X be a diffusion process defined in (2.1). If s € [t,T],
0 : 2 xR — R is independent of the o-field c{W, — Wy, t <r < s} and pp~! € L' (2 @R?),
then there exist two constants ¢ > 0 and C' > 0 such that

cE[/Rd lo(x)|p~t (z)dz] < E[/]Rd lo(X57) | p~ ! (2)da] < CE[/Rd ()| p~ () da].

Moreover if W : 2 x [t,T) xR — R, ¥(s,-) is independent of Z\, and Wp~' € L' (Q@[t,T]®
RY), then
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T T
B / Gl @deds < B[ [0 X0 @)dods

/ / (s,2)|p~ (x)dzds]. |

First we deduce a useful estimate.

Lemma 3.3 Under Conditions (H.1), (H.2), (H.3)*, (H.4) and (H.5), if (Y™, Z""™) is the
solution of BSDE (3.2), then we have

T
B[ sup [ [vErnpry i @) dads] + sup Bl / [ ez
t n Jrd

Proof. For M, N > 0 and m > 2, define

“(z)dzds] <

U (y) = v I n<y<rry + M(2y — M) Igsary — M(2y + M)Ijyc_any

and

m—2 M m—2

@Nﬂn(y) —y2[{0<y<N}+N 2 (2y_ 2 N)I{UZN}

Applying It&’s formula to ey (Yar (V,H5")) for ae. 2 € RY, we have

T
eKS(PN,m(wM(YStJ’n)) +K/ eKTSDN,m('(/}M(YTt’Ln))dT
1 r T ” xr,mn ! xr,n xr,n
b5 [ T (O (V) (VT P2 P
T ’
+/ eKTSON,m(U’M(Yrt’aj’n))I{_ng,?*m‘"<M}|Z7t~’w’n|2d7”
T
= T (O XED) + [ G (o (V) 0 (V1) o, XA, Y10 22
T
= [ R (o (V) (V) 2 W), (3.4
From [24], we note first (Y.t"’",Z.t"’")le S2([0,T7; L2(R% RY)) @ M2([0, T]; L2(R% RY)). Also
it is obvious that ¢y, (Yar (VE=m) )y, (V,E"™) is bounded, hence we can use the stochastic

Fubini theorem and take the conditional expectation w.r.t. .%,. Note that the stochastic integral

has zero conditional expectation. So if we define %(y) = 2 when y = 0, we have

/ ‘PNm(d’M(thn)) 71( )d:c+EK/ /]Rd KT@Nm(qu(thn)) 71( Vdadr|.F.]
+- E/ /Rd KT.@NT?’L wM(th"))WJM(Ym")l |Ztacn|2 —1( Ydzdr| 7,]

Kr ' t,x,n t,x,mn)2 —1 o
E[/ /]Rde @N,m(ﬂ)M(Yr ))I{—ngf*z‘”<M}|Zr |“p™" (z)dxdr| ]

= B | T (oas (X)) (0)de| 2
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T ! !
BU [ e (oar (V) g (V150 o, XL Y50, 205 (a) e 7.
s R4
= B | T (oas (X)) (@)de] 2

Ytrn
/ / Krgon wM(Ytrn))wMY(vtg;n )Yrt,m,n

X (fu(r, X2 Y000 Z000) — fu(r, X1, 0, Zp™")) p~ (2)dadr | F]

/ L v (s (V) (57
(fn(r, X5T 0, Z55m) — fo(r, Xﬁ’”,0,0))p‘l(x)ddeﬁs]

T ’ ’
BU [ e (oas (V) s (V) o XE7, 0,007 ) 2.
< B e on (02 (X)) )] )
T ’ ’
SB[ [ el (0 (7)) 030 (71| 267 ) 2

T
BU[ [ ol (0 00 [0 (V|0 X0, 0.0) | )| 2]

Taking the limit as M — oo first, then the limit as N — oo, by the monotone convergence
theorem and Young inequality, we have

eKs|yt,w,n
Rd °

-1 T m—
_|_m(m )E[/ / eKrD/Tt,m,n| 2|Zﬁ’z’"|2p71(x)dxdr|ﬁs]
2 . Jpa
< E| / KT (X5 o (2)da] ]

Rd
T
+mLE| / / eir
s R4

T
+mE]| / / TV P2 Y, X, 0,0)]p (2)dedr| )

T
(z)dz + KE[/ / KTy ten|™ o= () dudr| )
s R4

(x)dxdr| ]

gE[/ KT (X" ™ p Hz)da| Fs) + m(L* + 1)E / / ey hen|m =l (1) dedr|.Z,]
/ / Kr‘Ytacn|m Q‘Ztacn| p 1(]})d$d’l“|y5}

Z

—2
% / / Kr thn|m —1( )dﬁEd?"L/]
ﬂ

2
2 // KT F(r, X570, 0) " ) (2)dadr| 7). (3.5)
R

Here and in the following, C}, is a generic constant. Therefore, taking K > m(L? + 1) + T_Q,

we have

T
Bl / sup / YEER o () dds)
t n R4

"R e 2

(x)dxds]
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, T
<CEL[ W @)del + B[ [ (s, X" )]
t L
T
<C, [ s @da Gy [ [ 1ol wdeds < .
R4 t R4
In particular, taking m = 2p, then the lemma follows. o
Taking m = 2 in the proof of Lemma 3.3, we know

T T
E[/ sup/ Y52~ (2)dwds + sup E[/ / | Zb®m2 07 (1) dads] < oo. (3.6)
t n JR4 n t Rd

Also we have
T
sap B[ [ 1l X0, Y000, 205 By (o) dnds
n t Rd

T
< sup E[/ /d C(|fols, X2) 2 + [YEor?P 4 | 202 2) p~ (2)dads] < oo.
n ¢ JR

The last inequality follows from the equivalence of norms principle and Lemma 3.3. Define
uten = f, (s, Xt® Yhon zban) s>t then

T
sap B[ [ (Vi |20 P (UL P ) dads] < oo (3.7)
n t R4

Therefore by using the Alaoglu lemma, we know that there exists a subsequence, still denoted by
(Yhen zbon gten) g (Yhon, zLHen UL converges weakly to the limit (Y7, ZL* UL*)
in L2(2®[t,T]® R%R @ RT @ RY) (or equivalently L?(2 @ [¢,T]; L2(R%; RY) © Lg(Rd;Rd) ®
L2(R%RY)). Now we take the weak limit in L2(2 ® [t, 7] ® R R")) to BSDEs (3.2), we can
verify that (Y*, ZL7, UL*) satisfies the following BSDE:

T T
YET = h(XET) + / Up®dr — / (Zp" dW). (38)

S

For this, we will check the weak convergence term by term. The weak convergence to the first
term is deduced by the definition of Y/*. The weak convergence to the second term is trivial
since h(XtTm) is independent of n. We then check the weak convergence to the last two terms.
Let n € L2(2 ® [t, T] ® R R"). Then noticing ftT sup,, E[fST Jga U2 p7 (z)dadr]ds < oo
due to (3.7), by Lebesgue’s dominated convergence theorem, we have

B[ [ @ v e @)
- 1L/ ' / ' [ i =yt a)p w)dedrds)

T T
< / |E[/ / (UL — UM Yn(s,z)p~ (z)dxdr]|ds — 0, as n — oo.
t s R4

On the other hand we know for fixed s and z, n(s,z) € L?(£2). So there exists ¢(s,z,7) s.t.
n(s,x) = Eln(s,z)] + LT<L,0(S,.T,T)7dWT>. It is easy to see that for a.e. s € [t,T], ¢(s,-,:) €
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L*(2 @ [t, T) ® R4 RY). Noticing that ftT sup,, E[fsT Jga |1 ZE="2p~ (@) dadr]ds < oo due to
(3.7) and using Lebesgue’s dominated convergence theorem again, we obtain

//Rd/ (Zpmt = Zp%, dW, (s, 2)p™ " (x)dads]]

=1 [ B[ e g aw ) Bl + [ ol alp” s

S ez st s
/ / /Rd (Zpom =207, (s, a,r))p~  (x)dadr]|ds — 0, as n— oo.

Needless to say, if we can show BSDE (3.2) is indeed BSDE (2.2), then we can say (Y., Z5L*)
is a solution of BSDE (2.2). The key is to prove that UL* = f(s, XL* Y1* ZL) for a.a.
s € [t,T), z € R? a.s. However, the weak convergence of Y™, U™ and Z" are not enough to this.
The crucial point in this analysis is to establish the strong convergence of Y™ and Z", which
will be done in next section.

4 The strong convergence and the identification of the limiting
BSDEs

In this section, we will show that the combination of methods of weak convergence and strong
convergence of a subsequence (Y5®" ZL.%m) gives an effective way to prove that the limit
(Ve Zt*) satisfies BSDE (2.2). In contrast, the direct proof that BSDE (3.2) converges
strongly to BSDE (2.2) by using the strongly convergent subsequence (Y™ Z6%m) with-
out the weak convergence argument will encounter some complications. This is due to that the
dominated convergence theorem does not seem to apply immediately to BSDE (3.2). We start
from an easy lemma.

Lemma 4.1 Under the conditions of Theorem 2.3, if u,(t,z) is the weak solution of PDE
(3.8), then sup,, fOT Jra lun(s, 2)[*p~ ! (x)dxds < co. Furthermore,

T
hm Sup/ / [t (8, 2) |2 Ty e () p~ () dxds = 0,
R4

N—oo p
where Un® = {z € R?: |z| > N}.

Proof. The Li” integrability of u,, follows directly from the equivalence of norm principle and
Lemma 3.3. Let’s prove the second part of this lemma. Since fRd p~Hz)dr < oo,

T
lim sup/ / [t (5, 2) 2Ty () p~ (z)dxds

N—oo pn

; p—1
< hm Sup/ / |Un S, a? |2p dde P / / |IUN p lp_1< )d;(;ds) 4
Rd

< lim C(/RdIUN() Ha)d) 5 = 0.

N—oo
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The following two theorems quoted in [21] will be used in this section.

Theorem 4.2 (c.f. [21]) Let X CC H C 'Y be Banach spaces, with X reflexive. Here X CC H
means X is compactly embedded in H. Suppose that u, is a sequence that is uniformly bounded
in L*([0,T); X), and du, /dt is uniformly bounded in LP(0,T;Y), for some p > 1. Then there
is a subsequence that converges strongly in L?([0,T]; H).

Theorem 4.3 (Rellich-Kondrachov Compactness Theorem c.f. [21]) Let B be a bounded C*
domain in R%. Then H'(B) is compactly embedded in L*(B).

Lemma 4.4 Under the conditions of Theorem 2.3, if (Y1%m ZL®") s the solution of BSDEs
(3.2) and Y}* is the weak limit of Y™™ in L2 (2t T]@R%; RY), then there is a subsequence of
Yh®n  still denoted by YE5™, converges strongly to Y2 in L2(2®[t, TY; Li(Rd; RY)). Moreover,
we have

5,X07" xbe

YhT =Y, , ZY® =757 for any s € [t,T], a.a. z € R? as. (4.1)
and E[ftT Jpa Y22 PP p~ (2)dads] < oc.

Proof. Let u,,(s,x) = Y5%™. Then by Proposition 3.1, u, (s, Xt®") = Y5 (6*Vuy,)(s, XH5™)
= Zt®" for a.a. s € [t,T], € R? a.s. We claim that u, (s, ) satisfies the following PDE in
H}(REGRY):

duy (s,3)/ds = —=Lun(s,x) = [ (5,2, un(s,3), (0*Vuy,)(s,2)), 0<s<T. (4.2)

To prove this claim, first note that w, are uniformly bounded in L*([0, T]; H}(R% R")) by the
equivalence of norm principle and the uniform ellipticity condition of o:

T
swp [ [ (un(s, ) + V(s 0)P)p (a)dods
n Jo Jre
T
<G, sup/ / (Jun(s,z) > + [(0*Vun) (s, 2)|?)p " (z)dzds
n Jo Jre
T
< Cosup B[ [ (VP 41207 )y () dads) < oc. (4.3
n 0 Jrd
Then we can deduce that du,, /ds are uniformly bounded in L?([0, T; le*(Rd; R1)). For this, we

need to prove that Zu, and f, € L*([0,T]; H ;*(Rd; R')) are uniformly bounded respectively.
First note that for i =1,2,---,d,

| op~'(x)
axi

—qTi | q
(I fzhartal = (1 + ||

| = | T < ap~ " (x).

Moreover, recalling the form of . and noticing the conditions on b and o in (H.5), we can see
that a;; and b; are uniformly bounded for all 4, j. So for arbitrary s € [0,77], ¥ € C2°(R%;RY),
we have
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Lun(s,x) - Y(x)p~ (x)d

]Rd
d
1 uals ) daye (@) oo™ (@)
N /Rd ( 2 ’jzl 63:1 81‘] Zun % x 8%‘1 )dx
Oy (s, ) aijip~ ) (x (bipp™ ") (x
s gt
i=1 i,j=1 i

| /\

d
/Z\a“””)uusx DX 12+ oo o)

J

d
G| [ Z|8ugzx\+|un(s,x)\)20 i | [0 125+ il et e

< Cpllun(s, @) 1 ramn) 19l 1 R

As C(R%GRY) is dense in H)(R%R!), therefore for arbitrary s € [0,7], it follows that
|-Lun (s, )”Hl*(Rd r1) < Cpllun(s, )HHI(Rd 1) and by (4.3), we have

T
S%p ||-$Un||2L2([0,T];H;*(Rd;R1)) <G S‘ip/o /Rd(|un(37$)|2 + [Vun (s, 2)[*)p~ ! (z)dads < oo.

Also using Lemma 3.3 and the equivalence of norm principle again, we obtain

T
| 105 0" V) o Dl s
T
SC’OE[/ / (Ifo(s, ) ? + [Y20 2P 4+ 12057 ) p~ ! (z)dads] < oo.
0 R4
Hence f, € L*([0,T7; L2" (R R')) ¢ L2([0,T]; H}" (R%; R')) and
SliPan”i%[O T];H* (R4RY))
< Cysup / (50t (0" T (5, 2 ey s
T
<CpswBl[ [ (o) + 2
n 0 d

Therefore we conclude that du,,/ds are uniformly bounded in L?([0,T]; H!"(R%;R")).
Noticing Theorem 4.3 and applying Theorem 4.2 with X = H,(U;;R"), H = L2(Uy;R")
and Y = H;*(Ul;Rl), we are able to extract a subsequence of u, (s, ), denoted by u1,(s,x),
which converges strongly in L*([0, T]; L2(Uy;R")). Tt is obvious that this uy,(s,z) satisfies the
conditions in Theorem 4.2. Applying Theorem 4.2 again, we are able to extract a subsequence
of u1,(s,x), denoted by uan (s, x), that converges strongly in L*([0, T; L2(Us; R')). Actually we
can do this procedure for all U;, i = 1,2, - -. Now we pick up the diagonal sequence u;;(s, x),

+12%%712) p~ (z)dxds] < oo

1 = 1,2, --- and still denote this sequence by u,, for convenience. It is easy to see that u,, converges
strongly in all L([0,T]; L2(U;;RY)), i = 1,2, - - -. For arbitrary € > 0, noticing Lemma 4.1, we
can find j(g) large enough such that
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1 5
sup 2w (s, 2)|2p " (z)dxds < 3
Uj(e)®

For this j(g), there exists n*(¢) > 0 s.t. when m,n > n*(¢), we know

T
_ €
et = w22 0,715 (0, 1)) :/O /U [tm (5, %) = un (s, 2)|*p™* (w)dards < <.
i(e)

Therefore as m,n > n*(e),

[[um — Un||2L2 ([0,T];L2(R4;RY))

/ / fum (s, 2) = un(s, 2) P~ dwd”/ / (2t (5, 2)|? + 2 (5, 2)|2) o~ () dadls

Uj(e) Uje)®

That is to say u, converges strongly in L([0,T]; L2(R% R")). Now using the equivalence of
norm principle, we know as m, n — oo,

[YS™™ — VI 122 e, T);L2 (R4RY))

fE/ /Rd [t (5, X57) — (5, X5%) | p~ ! () dds)
<c, /t /]R Nt (5,) — s, ) P (@)drds — . (4.4)

So the claim that Y»*" converges strongly in L?(2 ® [t,T]; Li(Rd; RY)) follows. But we know
that Y»* is the weak limit of Y»*" in L?(Q2 ® [t,T]; L2(R%R")), therefore Y»*" converges
strongly to Y in L*(2 ® [t, T]; L2(R% RY)).

To see (4.1), first notice that in BSDE (3.8), h(-) € L2(R%RY) and U™ € M?([t, T]; L2(R% RY))
are given, so there exists (Y, Z"") € M?([t,T]; L2(R%R')) ® M?([t, T); L2(R%;R?)) satis-
fying the spatial integral form of BSDE (3.8). By Lemma 3.3 and Proposition 3.4 in [24],
(Yhe Zt®) € 52([t,T];Li(Rd;R1)) ® M2([t,T];L2(Rd;Rd)) is the unique solution of BSDE
(3.8) and Y1* = Y;S’X?m, Zbe = Z:f’X‘:'m for any s € [t,T], a.a. * € R? as. If we define
Y% = u(s, z), then we can prove the strong limit of u, (s, z) in L2([0,T]; L2(R%RY)) is u(s, x)
and Y}* = u(s, X17) for a.a. s € [t,T], * € R? a.s. To prove this, we only need to see that, by
the equivalence of norm principle,

T
lim/ / [ (s, 2) — u(s, ) |>p~  (x)dxds
n—oo Jq R
T X0rs
< lim CpE[/ / [ (s, X2) = Y57 2p () dads)
0o Jre
T
= lim CpE[/ / [y Oen —y9e 2o~ (1) deds] = 0, (4.5)

and

/ [ =l X0 P ) dads



Weak Solutions of PDEs with p-Growth Coefficients 15

T e
=B[N s X @)dods
t Jra
T
< C’p/ / [Y5% — (s, 2)|?p (z)drds = 0. (4.6)
t R4

Moreover, we can prove that E| ftT Jga 1YE#[?Pp~1 (x)dads] < oo. For this, by the equivalence
of norm principle, we only need to prove that fOT Jga lu(s, 2)[*Pp~ ! (x)deds < oo. To assert
the claim, we first prove that we can find a subsequence of {u,(s,x)}32; still denoted by

{un(s,z)}52 4, s.t.

Un (s, 7) — u(s,z) and sup |u,(s,z)|*’ < oo for a.e. s € [t,T], = € R%. (4.7)

n

For this, from (4.5), we know that fOT Jga lun (s, x) — u(s,z)?p~t(x)deds — 0. Therefore we
may assume without losing any generality that u,(s,z) — u(s,z) for a.e. s € [0,T], x € R?
and extract a subsequence of {u, (s, z)}5%,, still denoted by {w,(s,z)}32,, s.t.

T
1
/ / [t y1(5,2) — un(s,z)|p~(z)dzds < —.
0o Jre 2n

For any n,

n—1 00

Jun (s, 2)| < Jur(s,2)] + Y [wiga(s,2) —wils, 2)| < |ur(s,2)[ + > [uira(s, ) — wi(s, z)].
=1 i=1

Then by the triangle inequality of the norm, we have

/ / sup |un (s, 2)|p~ (z)dxds
Rd n

o0 T
S/ / |u1(s,x)\p71(x)dxds+2/ / lwiv1(s, @) —ui(s,z)|p~ (x)dxds
0 R4 =170 Rd
T ) > 4
< ui(s,x)|p” " (x)dxds + — < 0.
[ Ll s + 3

Therefore, (4.7) follows from the above. By a similar argument as in Lemma 4.1, for this
subsequence u,,, we can prove that for any é > 0,

T
hm sup/ / |t (5, 7)]2 I{‘un(s o) 2r-ss Ny (8, T)p” Y(x)dzds = 0.
Rd

—)C)On

That is to say that |u,(s,2)|? is uniformly integrable. Together with u, (s,z) — u(s, ) for
a.e. s € [0,7], z € R? we have

T
/ / lu(s,z)[**~°p~1(z)dzds = lim / / lun (s, 2)|P~° p~ Y (x)dxds
T 2p—3§
< Sup/ / (5, 2)[2P~0p~ (2)dzds < Cp(sup/ / |un(3,x)|2pp—1(;p)dxds)7 < Cp,
n 0 R4 n 0 R4

where the last C), < oo is a constant independent of n and d. Then using Fatou lemma to take
the limit as 6 — 0 in the above inequality, we can get fOT Jga lu(s, 2)|?Pp~ (z)dzds < co. o
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Considering the strongly convergent subsequence {Y.t"’"}fl":1 and using a standard argument
to BSDE (3.2), we can prove that for arbitrary m,n

1 T
E[/ ‘Yst,x,m _ Yst,x,n|2p—1(x)dm] + §E[/ / |Z7t‘13377’n _ Zﬁ’x’n|2p_1($)dxdr]
Rd s Rd

T T
< 2L2E[/ / [y bem _yten 2=t () dedr] + 2\/E[/ / [y, — Y 201 (x) dadr]
s R4 s R4

T
xc‘p\/ BU[ [ (Uhotrs)le + 020 4| 287712)p ).
s R4

So by Condition (H.2) and Lemma 3.3, we can conclude that the corresponding subsequence
of {Z.t Moo | converges strongly as well. Certainly the strong convergence limit should be
identified with the weak convergence limit Z", hence the following corollary follows without a

surprise.

Corollary 4.5 Let (Y. Z"") be the solution to BSDE (2.2) and (Y.""",Z""") be the sub-
sequence of the solutions to BSDE (8.2), which Y.""" converges strongly to Y in L*(2 ®
[t,T];L,Q)(Rd;Rl)), then Z"" also converges strongly to Z"" in L*(2 ® [t,T];L?)(Rd;]Rd)).

From Lemma 4.4, we know that there is a subsequence of Y.""", still denoted by yhom,
converges strongly to Y in L2(2®][t, T); L2(R%RY)), i.e. M2([t, T); L2(R% R')). Indeed, doing
It6s formula to ¢ (V,"™ = V,1*) and €57y,  (¥ar(Y,57)), with Corollary 4.5 we can further
prove that Y™ converges to Y."" in S2([t, T); L2(R% RY)) and Yh e 5% ([t, T); L2 (R4 RY))
respectively (To see similar calculations, one can refer to the argument in the proof of Lemma
3.3 in [24]).

Proposition 4.6 For (Y., Z"") and (Y™, Z5"™) given in Corollary 4.5, Y is the limit of
ten s o2 . 72(Rd. R1 t,- 2 . 72p(Rd. R1
Y. in S*([t, T]; Lo (RYRY)). Moreover, Y.! € S#P([t, T]; LLP(RYRY)).
Now we are ready to prove the identification of the limiting BSDEs.

Lemma 4.7 The random field U, Y and Z have the following relation:
Ub® = f(s, Xb® Yh® Z5%) for a.a. s € [t,T], x € R as. (4.8)

Proof. Let K be a set in 2 ® [t,T] @ R? s.t. sup,, |[Y2*"| + sup,, | Z5%"| + | fo(s, X1%)| < K.
Similar to the proof of (4.7), we can find a subsequence of {(Y}®m", Zt#m) o0 | still denoted by
{(Yhen, zb=m)}oo | satisfying (V4" Z6%n) — (YE*, Z5%) and sup,, |Y."""|+sup,, | 25" <
oo for a.e. s € [t,T], z € R? a.s. Then it turns out that as K — oo, K T 2®[t, T]@R?. Moreover
it is easy to see that along the subsequence,

T
B[ / / Dsup | (s, X, YER, Z05M) P 4 |f(s, X%, Y%, Z07)2) e (5, @) () s
t Rd

n

T
<6CE( [ [ (1ol XEO) 4 sup Y1 PP 4 sup | 267 ) T s, )p ) dads]
t R n n

4| Z87 ) Ixc (s, ) p~ H(x)dads] < .

T
+0C2 B[ [ (s, X0 Y2
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Thus, we can apply Lebesgue’s dominated convergence theorem to the following calculation:

T
tim ([ [ 1fals, X0 VI 285 I(5,) = F o X072 ()P )]

n—oo

_E/ / lim |f,(s, X507, YEon zbeny — f(s, X0 YI* Z5%) 2 Ik (s, ) p~ (z)dxds)

4 N—00

<2E/ / lim |f,(s, XLo, YEon zbeny — f(s, Xb* yEom 72052 [ (s, 2)p " (x)d2ds]
R

4 N—00

+2E/ / lim |f(s, X5, Yo, Z8om) — f(s, X0 YE7 Z0%) 2 Ixc (s, 2)p~ ! (x)dxds].
Rd 00
(4.9)

Since Y ®n — Y7 for ae. s € [t,T], v € R? as., there exists a N(s,z,w) s.t. when
n > N(s,z,w), |YE*"| < |YE*] + 1. So takmg n > max{N(s,z,w), Y} we have
Fuls, X02, Yo, Zbem) = f(s, Xbe, SO Dyton, ghen) = f(s, Xte,yion, Zken),
That is to say lim, . |fn(s, X5%, YEon, Zban) — f(s Xbe yhen zbzn)2 = for ae. s €
[t,T], > € R%a.s. On the other hand, lim,, ., |f(s, X1*, YE&n Zten)_f(s, XLe YEe Z762)2 =
0 for a.e. s € [t,T], * € R? a.s. is obvious due to the continuity of (y,2) — f(s,x,y, 2).
Therefore by (4.9), f,(s, XL* Yhon Zbem (s 2) = UL [ (s, x) converges strongly to
f(s, Xbm YE" Z00) e (s, x) in L2(2 @ [t,T] @ RGRY), but UL Ik (s, ) converges weakly to
UbIx(s,z) in L2(2 @ [t,T] @ R%RY), so f(s, XL®, YE", Z07) I (s,2) = UbIxc(s, z) for a.e.
r € [t,T], z € R? a.s. The lemma follows when K — co. o

Proof of Theorem 2.3. With Lemma 4.7 and Proposition 4.6, the existence of solutions to
BSDE (2.2) is easy to see. Now we prove the uniqueness. If there is another solution (Y}*, Z5%)
to BSDE (2.2), then for a.e. z € R, (Y* — Vb, zL+ — Zb7) satisfies

T T
Vi =¥ = [ (X 2 - X T 2 e~ [zt - 2 am)
S S

Applying It6’s formula to [Y5* —Y5%|2, by the stochastic Fubini theorem and Conditions (H.3)*
and (H.4), we have

E[/ |Yt£ Y/fﬁ"|2 d.%' +E/ / Ztlc

<oI’F / / Y VR <x>dxdr]+§E[/ /Rd\Zﬁ“Zﬁ’%”(w)dxdﬂ-

~(z)dxdr]

By Gronwall’s inequality, the uniqueness of the solution to BSDE (2.2) follows immediately. ¢

5 The PDEs

Now we make use of the results for BSDE (2.2) to give the probabilistic representation to PDEs
with p-growth coefficients. Actually the solution of BSDE in the p-weighted L? space gives the
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unique weak solution of its corresponding PDE (2.4).

Proof of Theorem 2.4. Using Corollary 4.5, we first prove the relationship between (Y, Z)
and u. Since (4.6), we only need to prove that (¢*Vu)(s, Xt*) = ZbL® for a.a. s € [t,T],
z € R? a.s. This can be deduced from (4.1) and the strong convergence of Z""" to Zb in
LX(Q2®[t, T L%(Rd; R')) by the similar argument as in Proposition 4.2 in [24].

We then prove that u(¢,z) is the unique weak solution of PDE (2.4). We still start from
PDE (3.3). Let u™(s, ) be the weak solution of PDE (3.3). Then by the definition for the weak
solution of PDE, we know (un,0*Vu,) € L*([0,T]; L2(R%R')) ® L*([0, T; L2(R% R?)) and
for an arbitrary ¢ € C°(R%;RY),

/R n(t, 2 () — /R (T @) — /tT /R (6T )(0.2))" (0" V') o)l
- /t ' /R un(s, @)div((b — A)p) (z)dads

T
:/f y (5,2, un(s,2), (0" Vun) (s, 7)) p(x)dzds. (5.1)

We can prove along a subsequence that each term of (5.1) converges to the corresponding term
of (2.5). By (4.5), we know that u, converges strongly to u in L3([0,T] ®@ R%;R"), thus u,, also
converges weakly. Moreover, sup,, cga (|div((b— fl)go) ()]) < 0o and p is a continuous functional
in R?, so it is obvious that

lim/ / Un (s, z)div((b— A)p dxds-/ / u(s, z)div((b— A)p )(z)dzds.
n—oo R4 Rd

Also it is easy to see that

lim f/ /Rd o*Vuy,)(s, x)) (c"V)(z)dzds
= lim 77/ /Rdun s,2)div(co* V) (x)p(x)p~ (x)dxds

_%/t /Rd u(s, z)div(oo* Vo) (2)p(z)p~ (z)dads

T
%/t /Rd ((U*VU)(S,x))*(J*V@(z)dxd&

Also we have proved that f, (s, X5, YE®n Z0%m) converges weakly to f(s, X5, Y2 Z6%) in
L2(R2 @ [t,T] ® R%RY). In fact we can follow the same procedure as in the proof of Lemma
4.7 to prove fo (s, @, un(s,z), (0*Vu,)(s,z)) converges weakly to f(s,z,u(s,z),(0*Vu)(s,z))
in L2([t, T] ® R4 RY). So we have

T
lim / fn(s,x,un(s,x), (U*Vun)(s,m))go(x)dxds
R

n—oo t

_ /tT /R Fs,2,u(s,2), (0" V) (s, 2))p()deds.
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For any t € [0,T], lim, oo [pa Un(t, 2)@(x)dx = [pau(t,z)p(x)dz can be proved as follows
using Proposition 4.6:

lim | [ (un(t,x) —u(t,z))e(z)dz|* < lim C,E] / (£, X27) — u(t, X)) p~ () da]
n—oo R

n—oo ]Rd

: 0 0
< lim CpE| sup Y, " -y, "
n—o00 0<t<T JRd

2p~(x)dx] = 0.

Therefore we can prove (2.5) is satisfied for all ¢ € [0, T']. That is to say u(¢, x) is a weak solution
of PDE (2.4).

The uniqueness of PDE (2.4) can be derived from the uniqueness of BSDE (2.2). Let u be
a solution of PDE (2.4). Define F(s,z) = f(s,z,u(s,z), (0*Vu)(s,z)). Since u is the solution,
S0 fOT Jga (Ju(s,z) P + |(6*Vu) (s, z)|*) p~ (z)dzds < oo and

T
/ |F(s,2)Pp (e)duds
0 Rd
T
= C”/o / (fols, D) + [u(s, )2 + (0" Va) (s, 2)?)p M (z)dads < 0. (5.2)

If we define Y = u(s, X1*) and ZL* = (6*Vu)(s, X*), then by Lemma 3.2,

T
E| / / (Yoo e 4 |20
t R4

T
< Cp/ / [u(s, 2)|?F + |(o*Vu)(s, z)[*p~(z)dzds < co.
t Jre

2)p! (a)dads]

Using some ideas of Theorem 2.1 in [1], similar to the argument as in Section 4 in [24], we
have for t < s < T, (Y, 2") € M?([t,T); L2?(R%; RY)) @ M2 ([t, T; L2(R% R?)) solves the
following BSDE:

T T
vie =)+ [Py [z, 53

Multiply ¢ € C%(R% R') on both sides and then take the integration over R?. Noting the
definition of F(s,z), Y5* and Z{*, we have that (Y®, Zt%) satisfies the spatial integration form
of BSDE (2.2). Similar to Proposition 4.6, we can deduce that Y € SQP([t,T];Lf)p(Rd;Rl))
and therefore (Y*, ZL") is a solution of BSDE (2.2). If there is another solution @ to PDE
(2.4), then by the same procedure, we can find another solution (Y%, Zb%) to BSDE (2.2),
where

Yh® = d(s, XH®) and Z1® = (0*Va)(s, X17).

By Theorem 2.3, the solution of BSDE (2.2) is unique. Therefore
YH® =Y for a.a. s € [t,T], = € R as.
In particular, when ¢ = 0,

yor = 5750’” for a.a. s € [0,T), = € R? a.s.

S



20

Q. Zhang and H.Z. Zhao

By Lemma 3.2 again,

T T
/0 /Rd lu(s, ) — (s, z)|?p ! (x)dxds < CPE[/O /Rd [YOe —v0e12)p= Y (z)dxds] = 0.

So u(s,z) = (s, x) for a.a. s € [0,7], z € R? a.s. The uniqueness is proved. o

Acknowledgements. We would like to acknowledge useful conversations with K.D. Elwor-

thy, C.R. Feng, J. Lorinczi, K.N. Lu, S.G. Peng and S.J. Tang. QZ would like to thank the
Department of Mathematical Sciences of Loughborough University for appointing him as a Re-

search Associate. He wishes to acknowledge their financial support to the project through the

appointment and partial financial support of the National Basic Research Program of China
(973 Program) with Grant No.2007CB814904. HZ would like to thank K.N. Lu for inviting
him to visit Brigham-Young University under their programme of Special Year on Stochastic

Dynamics and S.J. Tang for inviting him to visit Laboratory of Mathematics for Nonlinear

Science, Fudan University.

References
1. V. Bally, A. Matoussi, Weak solutions for SPDEs and backward doubly stochastic differential
equations. J. Theor. Probab., Vol.14 (2001), 125-164.
2. G. Barles, E. Lesigne, SDE, BSDE and PDE. In: Backward stochastic differential equations.
Pitman Res. Notes Math., Ser.364, Longman, Harlow, (1997), 47-80.
3. Ph. Briand, Y. Hu, BSDE with quadsatic growth and unbounded terminal value. Probab. Theory
Rel., Vol.136 (2006), 604-618.
4. R. C. Dalang, C. Mueller and R. Tribe, A Feynman-Kac-type formula for the deterministic and
stochastic wave equations and other P.D.E.’s. Trans. AMS, Vol.360 (2008), 4681-4703.
5. R. W. R. Darling, Constructing Gamma-martingales with prescribed limits, using backward SDE.
Ann. Probab., Vol.23 (1995), 1234-1261.
6. M. D. Donsker, S. R. S. Varadhan, Asymptotic evaluation of certain Markov process expectations
for large time, I and II. Comm. Pure. Appl. Math., Vol.28 (1975), 1-47 and 279-301.
7. K. D. Elworthy, A. Truman, H. Z. Zhao, J. G. Gaines, Approzimate travelling waves for generalized
KPP equations and classical mechanics. Proc. R. Soc. London, Sect.A, Vol.446 (1994), 529-554.
8. R. P. Feynman, Space-time approach to non-relativistic quantum mechanics. Rev. Mod. Phys.,
Vol.20 (1948), 367-387.
9. M. I. Freidlin, Functional integration and partial differential equations. Annals of Mathematics
Studies, Vol.109, Princeton University Press, Princeton, New Jersey (1985).
10. K. D. Elworthy, Geometric aspects of diffusions on manifolds. Ecole d’Eté de Probabilités de Saint
Flour, XVII. Lecture Notes in Math. 1362 276-425. Springer, Berlin. (1987).
11. N. El-Karoui, S. Peng, M. C. Quenez, Backward stochastic differential equations in finance. Math.
Finance, Vol.7 (1997), 1-72.
12. M. Kac, On distributions of certain Wiener functionals. Trans. AMS, Vol.65 (1949), 1-13.
13. M. Kobylanski, Backward stochastic differential equations and partial differential equations with
quadsatic growth. Ann. Probab., Vol.28 (2000), 558-602.
14. H. Kunita, Stochastic flow acting on Schwartz distributions. J. Theor. Probab., Vol.7 (1994),
247-278.
15. J. P. Lepeltier, J. San Martin, Backward stochastic differential equations with continuous coeffi-
cient. Stat. Probab. Lett., Vol.32 (1997), 425-430.
16. P. Malliavin, D. W. Stroock, Short time behaviour of the heat kernel and it logarithmic derivatives.

J. Differ. Geom., Vol.44 (1996), 550-570.



17

18.

19.

20.

21.

22.

23.

24.

25.

Weak Solutions of PDEs with p-Growth Coefficients 21

. A. Matoussi and M. Xu, Sobolev solution for semi-linear PDE with obstacle under monotonicity
condition. Electron. J. Probab., Vol.13 (2008), 1035-1067.

E. Pardoux, BSDE’s weak convergence and homogenization of semilinear PDE’s. In F. Clarke
and R. Stern eds. Nonlin. Analy., Diff. Equa. and Control, Kluwer Acad. Publi. Dordrecht (1999),
503-549.

E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential equation. Syst. Control
Lett., Vol.14 (1990), 55-61.

E. Pardoux, S. Peng, Backward stochastic differential equations and quasilinear parabolic partial
differential equations. Stochastic Partial Differential Equations, B. L. Rozuvskii, R. B. Sowers eds.,
Lect. Notes Control Inf. Sci., Berlin Heidelberg New York: Springer, Vol.176 (1992), 200-217.

J. C. Robinson, Infinite-dimensional dynamical systems: an introduction to dissipative parabolic
PDEs and the theory of global attractors. Cambridge University Press (2001).

B. Simon, Functional integration and quantum physics. AMS Chelsea Publishing, 2nd Edition,
(2005).

A. D. Wentzell, M. 1. Freidlin, On small random perturbations of dynamical system. Russ. Math.
Surv., Vol.25 (1970), 1-55.

Q. Zhang, H. Z. Zhao, Stationary solutions of SPDEs and infinite horizon BDSDFEs. J. Funct.
Anal., Vol.252 (2007), 171-219.

Q. Zhang, H. Z. Zhao, Stationary solutions of SPDEs and infinite horizon BDSDEs with non-
Lipschitz coefficients. J. Differ. Equations, Vol.248 (2010), 953-991.



