GAUDIN SUBALGEBRAS AND STABLE RATIONAL CURVES

LEONARDO AGUIRRE, GIOVANNI FELDER, AND ALEXANDER P. VESELOV

ABSTRACT. Gaudin subalgebras are abelian Lie subalgebras of maximal di-
mension spanned by generators of the Kohno-Drinfeld Lie algebra t,. We
show that Gaudin subalgebras form a variety isomorphic to the moduli space
M07n+1 of stable curves of genus zero with n+ 1 marked points. In particular,
this gives an embedding of Mg ,+1 in a Grassmannian of (n — 1)-planes in an
n(n — 1)/2-dimensional space. We show that the sheaf of Gaudin subalgebras
over Mo 41 is isomorphic to a sheaf of twisted first order differential oper-
ators. For each representation of the Kohno—Drinfeld Lie algebra with fixed
central character, we obtain a sheaf of commutative algebras whose spectrum
is a coisotropic subscheme of a twisted version of the logarithmic cotangent
bundle of ]\7[07”+1.

1. INTRODUCTION

The Kohno-Drinfeld Lie algebra t, (n = 2,3,...) over C, see [5,10], is the
quotient of the free Lie algebra on generators t;; = t;;, ¢ # j € {1,...,n} by the
ideal generated by the relations

[tij tit] = 0, if 4, j, k, 1 are distinct,
[tij tic +tk] = 0, if 4, 7, k are distinct.

This Lie algebra appears in [10] as the holonomy Lie algebra of the complement
of the union of the diagonals z; = z;,¢ < j in C". The universal Knizhnik-
Zamolodchikov connection [5] takes values in t,,.

In this paper we consider the abelian Lie subalgebras of maximal dimension
contained in the linear span t. of the generators t;j. Motivating examples are
the algebras considered by Gaudin [6] in the framework of integrable spin chains
in quantum statistical mechanics and the Jucys—Murphy subalgebras spanned by
t12,t13 + to3, t14 + tag + 34, . . ., appearing in the representation theory of the sym-
metric group (see [17] and references therein).

Our main result is the classification of Gaudin subalgebras. We show that they
are parametrised by the moduli space Mo’n+1 of stable curves of genus zero with
n + 1 marked points (Theorem 2.5). The Gaudin subalgebras parametrised by the
open subset My 41 are the ones considered originally by Gaudin (with ¢;; replaced
by their image in certain representations of t,,.) To prove this theorem it is useful
to represent M 41 as a subvariety of a product of projective lines given by explicit
equations. We give such a description, proving a variant of a theorem of Gerritzen,
Herrlich and van der Put [7], in the Appendix.

Gaudin subalgebras form a locally free sheaf of Lie algebras on My ,,41. We
describe this sheaf as a sheaf of first order twisted logarithmic differential opera-
tors (Theorem 3.3.) For an algebra homomorphism Ut, — A from the universal
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enveloping algebra of ¢,, to an associative algebra A, we then get a sheaf of commu-
tative subalgebras £4 of the Ox-algebra AQOx on X = Mo_rn_l,_l. We show that its
relative spectrum is a coisotropic subscheme of a Poisson variety, a twisted version
of the logarithmic cotangent bundle of My ,, 11 (Corollary 4.3.) For a large class of
representations of Ut,, these spectra, or at least their part over M 5,41, have been
recently described in algebro-geometric terms using the Bethe ansatz, see [12,13]
and references therein, and shown to have surprising connection with several other
mathematical subjects. It will be interesting to relate these descriptions to the
geometry of My ,+1. This will be the subject of further investigation.

It is interesting to look at our result in the context of the relation between flag
varieties and configuration spaces, whose study was initiated by Atiyah [1-3]. Note
that the usual flag variety U(n)/T™ can be naturally viewed as the space of all Car-
tan subalgebras in the unitary Lie algebra u(n). Our result and a parallel between
Gaudin and Cartan subalgebras give another link between these two varieties.

Acknowledgements. We thank A. M. Vershik for inspiring discussions at an early
stage of this project. The second author wishes to thank MIT, where part of this
work was done, for hospitality. We thank Pavel Etingof and Valerio Toledano-
Laredo for useful comments and stimulating discussions. This work was partially
supported by the Swiss National Science Foundation (Grant 200020-122126).

2. CLASSIFICATION OF (GAUDIN SUBALGEBRAS
Since t,, is defined by homogeneous relations, it is graded in positive degrees:
t, = @iZIt’yip with t}l = @Kj(Ctij, f?l = @i<j<k(c[tijatik]~ In particular,
n(n —1) n(n —1)(n — 2)
2 6 '
Definition 2.1. A Gaudin subalgebra of t, is an abelian subalgebra of maximal
dimension contained in t,.

dim(t}) = dim(3) =

We will prove this maximal dimension is n — 1. It follows from the maximality
condition that the central element

Cp — E tij
1<i<j<n

belongs to all Gaudin subalgebras.

Ezample 2.2. The Jucys—Murphy elements t1s,t12 + t13, .. -, E?:_ll tin are pairwise
commutative and thus span a Gaudin subalgebra. They play an important role in
the representation theory of the symmetric group, see Remark 2.6.

Ezample 2.3. The main class of examples is provided by the spaces [6]

o a; — G,j y n
(1) Gn(z) = Z — tij, acC"y,
1<i<j<n

parametrised by z € ¥,,/Aff, where

Y, =C" Ui<j{Z eC” |Zl = Zj}
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is the configuration space of n distinct ordered points in the plane and Aff is
the group of affine maps z — az + b, a # 0 acting diagonally on C™. This pa-
rameter space is isomorphic to the moduli space My 41 = ((P1)"™ — U;c;{z =
2;})/PSLg(C): the class of z is mapped to the class of (21,...,2,,00) in Mg ni1.

Lemma 2.4. The dimension of Gy (%) is n — 1.

Proof. The dimension is at most n — 1 since there are n parameters aq,...,a,
defined up to a common shift. Taking a = (1,...,1,0,...,0) with the number
of ones ranging from 1 to n — 1 we obtain n — 1 elements K; which are linearly
independent: %; ;41 appears in K; with non-vanishing coefficient but not in Kj,
i 0

The main result of this section is that Gaudin subalgebras are in one to one
correspondence with points in the Knudsen compactification MO,THrl of Moy pn+1,
which is a non-singular irreducible projective variety defined over Z [9]. More
precisely, we have the following result.

Theorem 2.5. Gaudin subalgebras in t, form a nonsingular subvariety of the

Grassmannian G(n —1,n(n—1)/2) of (n — 1)-planes in t., isomorphic to Mg n+1.

Remark 2.6. To prove this theorem we only use the defining relations of t,, and
the fact that both the generators t;;, 1 < i < j < n and the brackets [t;;, k],
1 <7< j <k <n are linearly independent. Thus our result holds for any quotient
of t, with these properties. An important example is the image of t,, in the group
algebra CS,, of the symmetric group with commutator bracket, with ¢;; sent to the
transposition of ¢ and j. An approach to the representation theory of S,, based on
the simultaneous diagonalization of the image of the Jucys—Murphy elements was
proposed in [17]. Another interesting case is given by the homomorphism ¢: t,, —
Uo(n) into the universal enveloping algebra of the Lie algebra of the orthogonal
group, sending t;; to ij where X;;, ¢ < j are the standard generators of the Lie
algebra o(n). The image consists of quantum Hamiltonians of the corresponding
Manakov tops [11].

The rest of this section is dedicated to the proof of Theorem 2.5.

Let D,, be the set of all distinct triples (4,7, k) of numbers between 1 and n
(i.e., the set of injective maps {1,2,3} — {1,...,n}). For (i,5,k) € D,, denote by
pijk: th — C3 the linear map

Zaijtij — (@i, Qik, Qij)
i<j
where a;; is extended to all pairs by the rule a;; = a;;. The map p: D, —

Hom(t,, C?), (i,4,k) — pij is equivariant under the natural action of S5 on D,,
and on C3.

Lemma 2.7. Let V C t. be a Gaudin subalgebra. Then, for all (i,5,k) € D,,
piji(V) contains (1,1,1) and is at most two-dimensional.

Proof. By the Ss-equivariance it is sufficient to prove the claim for ¢ < j < k. The
space pijk(V) contains pijk(cn) = (1,1,1). Let a = 37, aijtij,b =32, bijtij €
tL. The commutator [a,b] is a linear combination of the linearly independent ele-
ments [t;;,¢x], 1 <i < j <k <mn. Then the equation [a,b] = 0 is equivalent to the
system

aijbjk — ijbik + aipbiy — aipbjrx + ajrpbix — ajrbi; =0,
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1 <i < j <k <n. These equations are conveniently written in determinant form
ajk bjk 1
(2) det ajr bir 1 =0.
aij bij 1
Thus p;;jx(V') contains at most two linearly independent vectors. O
Thus for each Gaudin subalgebra there exist an S3 equivariant map ¢: D,, —
(C3)* sending (i, j, k) to a linear form ¢;;) vanishing on (1,1,1) and such that
(3) Liji © pijklv = 0.
If V =G,(2) eq. (3) is satisfied with the linear forms
gijk = (Zj — Ry Rk — ZiyRj — Zj).
Conversely, we have the following result.
Lemma 2.8. Let {: D, — (C®)*, (i,j,k) — € be an Ss-equivariant map such
that £;;1(1,1,1) = 0 for all (i,7,k). Then
V= Oiijer(&jk Opijk)~
is an abelian Lie subalgebra.
Proof. The vanishing condition implies that ¢, € V. If a,b € V then p;;i(a), pijx(b)

and (1,1,1) belong to a two-dimensional subspace of C* and therefore obey (2) for
all i, 7, k. Tt follows as in the proof of Lemma 2.7 that [a,b] = 0. O

It remains to determine which systems of linear forms /¢;;;, give commuting sub-
spaces of maximal dimension. With respect to the basis ¢;; of t}, we can represent
the linear forms /;; o p;;i as the rows of a matrix L, so that the corresponding
commuting subspace is the kernel of L. The matrices arising in this way belong to
the following set.

Definition 2.9. Let n > 3 and £,, be the space of matrices whose rows are labeled
by triples in D} = {(i,j,k),1 <1i < j < k < n}, whose columns are labeled by
pairs in Z,;7 = {(i,j),1 <i < j <n} and such that
(1) The matrix elements in the row labeled by (i,7,k) € D] vanish except
possibly those in the columns (4, k), (i, k), (i,7).
(2) Each row has at least a non-vanishing matrix element.
(3) The sum of the matrix elements in each row is zero.

For example, matrices in £4 are of the form

12 13 14 23 24 34
123 ci23 bz 0 appz O 0

<4) 124 C124 0 b124 0 124 0
134 0 C134 b134 0 0 a134 ’
234 0 0 0 C234 b234 a9234

with nonzero rows and zero row sums.

Proposition 2.10. Let L € L,,, m <n. Let L,, be the matriz obtained from L by
taking the matriz elements labeled by D} x Z+ C DF x Z¥*. Then Ly, € Ly,.

Proof. The claim is an easy consequence of the definition. O
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Lemma 2.11. Let L € L, and L,,, 3 < m < n, the submatriz with labels in
Dt x Zt. Then

rank(L) > W7
with equality if and only if
-1 -2
rank(L,,) = %, forallm=3,...,n.

Proof. We claim that there exists a row index set I = [3U I, U---U I, C D, such
that

(1) The set I, has m — 2 elements; they are of the form (¢,7,m) for some

1< j<m.
(2) For each m there are distinct indices ki,...,km—1 € {1,...,m} and an
ordering ri,...,rm—2 of I;, such that the entry of row r; in column (k;, m)

is zero for ¢ < j and nonzero if i = j.

The (n — 1)(n — 2)/2 rows of L labeled by I are then clearly linearly independent,
and the same holds for the rows of L,, in I3U---U I, for all m <n. It is also clear
that if a row of L labeled by D;i, C D; is a linear combinations of rows labeled by
I then it is a linear combinations of rows labeled by I,,,. This proves the Lemma
assuming the existence of I.

To describe the construction of I it is notationally convenient to think of D, as
the set D,, /S5 of subsets of three elements and thus to identify (i, 7, k) = (4,4, k) =
(i,k,j). The row indices I, can then be taken as r; = (0, (%), 0., (i+1), m), for some
permutation o,, of {1,...,m — 1} such that the entry of the row r; in the column
(om(i + 1), m) is nonzero. It remains to prove that such a permutation exists. Let
T',, be the complete graph with vertex set {1,...,m}. Pick an orientation ¢ — j on
each edge {i,j} of ', such that the entry in the row (i, j,m) and the column (j,m)
is nonzero. Such an orientation exists since at least two of the entries in columns
(i,7), (i,m), (j,m) are nonzero. Then the claim follows from the following simple
result of elementary graph theory:

Lemma 2.12. For any orientation of the edges of a complete graph with k vertices,
there exists an oriented path o(1) — o(2) — --- — o(k) wvisiting each vertex exactly
once.

In graph theory such a path is called Hamiltonian and this fact is known as the
existence of a Hamiltonian path in any tournament [15].

The proof is by induction: for k£ = 1 there is nothing to prove. Let 'y be the
complete graph with vertex set {1,...,k}. An orientation of its edges restricts to
an orientation of the edges of I'y_y C I'y. If we have a path v on I'y_; starting at
a vertex ¢ and ending at a vertex j then either there is an edge £k — ¢ or j — k
and we can complete v to a path in 'y, by adding it, or there exists a step a — b
of v that can be replaced by a — k — b to obtain a path in I'y, with the required
property. ([l

Corollary 2.13. Abelian subalgebras lying in t. have dimensions at most n — 1.

Indeed the rank of a matrix in £,, is at least (n — 1)(n — 2)/2 and its kernel has

dimension at most
nn—1) (n—1)(n-2)
— =n-—1.
2 2
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Lemma 2.14. Suppose L € L, has minimal rank (n — 1)(n — 2)/2, so that
Ker L defines a Gaudin subalgebra. Denote the entries of row (i,7,k) in columns
(4,7), (4, k), (J, k) by @ijk, bijk, ciji respectively. Then

(5) (@iji = biji : cijie) = (bjir © @ik = Cjin) = (Qikj @ Cikj © bikj)
(6) aijk + bijr + cijr =0,
(7 bijrcijibirt + cijrbijicit = 0,

for all (i,j,k) € Dy,

Proof. The first two equations are a rephrasing of the S3-equivariance and the
condition ¢;,5(1,1,1) = 0. Consider the third equation. By possibly renumbering
the vertices we can assume that the four indices are 1,2,3,4. By Lemma 2.11 the
submatrix Ly with labels in D% (4) x ZT(4) has rank 3. This matrix has the form
(4). Since the last row is nonzero, the upper left 3 x 3 minor vanishes. O

We can now conclude the proof of Theorem 2.5. Let Z, be the subvariety of
Gaudin subalgebras in the Grassmannian of n—1 planes in t}. By Lemma 2.7, every
Gaudin subalgebra V' is contained in Ker L for some L € £,,. Since by Lemma 2.8
Ker L is an abelian subalgebra, it follows by maximality that V is actually equal
to Ker L. Let Y,, be the subvariety of (P?)P» defined by the equations (6), (7)
for homogeneous coordinates (a;jx : bijk : ¢iji). By Lemma 2.14 we then have a
map Z, — Y, which is clearly injective. Since the subalgebras G,,(z) are contained
in Z,, Z, has a component of dimension n — 2. As we will presently see, Y,, is
isomorphic to the non-singular irreducible projective (n — 2)-dimensional variety
My n+1 and therefore Z,, = Y,, is an isomorphism.

It remains to prove that Y;, >~ My 1. In order to do so let us first notice that by
(6), Y,, actually lies in (P1)P~ where P! C P? is embedded as (z : y) — (z—y : —x :
y). It is easy to rewrite the remaining equations defining Y;, in these coordinates:

(1) TirjTijk = YikjYijk

(2) ZjirYijk = YijkVjik — TijkYjiks

(3) Tijn¥YijiTint = YijhTijiYiki-
It turns out that, by a variant of a Theorem of Gerritzen, Herrlich and van der
Put, these are precisely the relations defining My, 11 as a subvariety of (P1)Pn.
We deduce this variant from the original Theorem of Gerritzen, Herrlich and van
der Put in the Appendix, see Theorem A.2.

3. THE SHEAF OF (GAUDIN SUBALGEBRAS

~ By Theorem 2.5 Gaudin subalgebras of t,, form a family of vector spaces G, on
Moy n+1: the fibre at z is the Gaudin subalgebra corresponding to z. The purpose
of this section is to identify this family in terms of the geometry of Mg 1.
Consider first the Gaudin subalgebras parametrised by Mo 1. Let My 41 =
¥, /C, where the group C C Aff is the translation subgroup. The natural projection
p: Mo py1 — Mo py1 is a principal C*-bundle. The tL-valued 1-form
dZi — de
= 71; iy
“ Z Zi — Zj Y
1<J
is a C*-invariant element Q' (Mo ,,41) ® t.. The pairing with w defines a map

Y 1
TzMO,n+1 — tn
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from the tangent space at z € My, to t} with image G, (2), see (1). By Lemma
2.4 this map is injective. Now G, (z) = G,(7') if and only if 2’ = Az for some

A € C*. More precisely the action of C* on My 1 lifts naturally to TMO’nH
and the invariance of w implies that w defines an injective bundle map

TMOJL_H/(CX — MO,n+1 X t}l
3 \

Mo ny1 = Mo ny1

Its image is a vector bundle with fibres G, (2), z € My p+1. Moreover TM07n+1/CX
is an extension of the tangent bundle to My ,41: the kernel of the natural surjective
bundle map TMg n4+1/C* — TMg n41 is spanned by the class of the Euler vector
field

FE =

= 0
)
=1 ' 821
generating the C*-action. Turning to the language of sheaves, more convenient
when we pass to Mg 41, we thus have an exact sequence of locally free sheaves on

X = Moy nt1
(8) 0= O0x =G, > Tx —0.

Here Tx is the sheaf of vector fields and G,, is the sheaf of tl-valued functions
whose value at each z lies in G,,(2). For any open set U C My p41, Gn(U) may be
identified via the map w with the space of C*-invariant vector fields on p~1(U).

As is well-known, invariant vector fields can be identified with first order twisted
differential operators on the base manifold:

Lemma 3.1. Let p: P — X be a principal C*-bundle on a smooth variety X,
L = P x¢x C be the associated line bundle where C* acts on C by multiplication.
Then for each open set U C X, the Lie algebra Tp(p~*(U))" is isomorphic to the
Lie algebra D}, (U) of first order differential operators acting on sections of the
dual line bundle LV (i.e., twisted by LY ).

Proof. A section of LY on U is the same as a function f: p~1(U) — C such that
fly-X) = Af(y), y € p~Y(U), A € C*. Tt is clear from this representation that
Tp(p~'(U))C™ acts on sections of LY. Moreover the infinitesimal generator E of the
C*-action acts by 1. Thus, upon choosing a local trivialization of P, we may write
any invariant vector field as £ + fE where £ is a vector field on U and f € Ox(U).
This invariant vector field acts on a section as the first order differential operator
E+ 1. |

As a consequence we have a description of G,, as a sheaf of twisted first order
differential operators:

Proposition 3.2. Gaudin subalgebras corresponding to points of My 1 form a
locally free sheaf isomorphic to the sheaf D of first order differential operators on
Mo 41 twisted by the line bundle LY dual to the associated bundle to Mo’n+1 vig
the identity character of C*.

Let us now extend this to Mo,n+1- -
Let us first recall some known facts about the geometry of Mg 41 [7-9]. This
space can be defined as the closure in (P*)P» of the image of the injective map

i Mo i1 = S /AfF — (PHPn
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sending the class of z € ¥,, to the collection of cross ratios involving the point at
infinity
Zi — 2k Z; — 2R )00 — 25 .o
,uijk(z) == = ( ¢ )( J) (Z,j,k) eD,.

zi— 2 (2= ) (00 — 2)

Moreover the image is characterized by an explicit set of equations, see Theorem
A.2.

The complement of My 41 in ]\7[0’7&1 is a normal crossing divisor D = UDyg,
where the union is over all subsets S of {1,...,n} with at least two and at most n—1
elements. The irreducible component Dg is isomorphic to Mo ;5,41 X Mo n—m+2 and
is the closure of the subvariety consisting of stable curves with one nodal point such
that the marked points labeled by S are those on the component not containing
the point labeled by n + 1.

Local coordinates on a neighbourhood in Mo)n+1 of a generic point of Dg are
the cross ratios ¢, = pijr, 7 € SN {8,5}, 2s = Wiks, s € SO~ A{k}, t = pyjx, for
any fixed 7,5 € S, k ¢ S (5¢ denotes the complement of S in {1,...,n}). In these
coordinates, Dg is given by the equation ¢ = 0. The change of variables from
these coordinates to the coordinates z; of My 41 is as follows. We may assume
that S = {1,...,m} and choose i = 1,5 = m,k = m + 1 (the general case can be
obtained from this by permuting the coordinates). Then for generic ¢ # 0 the point
in My p+1 with coordinates (¢, z,t) is

(9) [O,tCQ, A ,tcmfl,t, 29y s Zn—m; 1] € MO’n+1 = En/Aff

To extend the exact sequence (8) to M07n+1 we first show that ]\Zlo,nﬂ extends

to a principal C*-bundle
p: Mop+1 — Mo pti1-

This can be seen from the presentation of Theorem A.2. Let H be the kernel of the
product map (C*)P» — C*. Then P, = (C?~ {0})P~/H is a principal C*-bundle
on (PY)P» and My, 11 embeds into P, (via z — class of ((z; — 2, 2 —2j)(i,j,k)eD,))
as the restriction of P, to the image of My 11 in (P1)P». We then define My ;11
to be the restriction of P, to Mg 11 C (P1)Pn.

Recall that the locally free sheaf T'x (— D) of logarithmic vector fields on a variety
X with a normal crossing divisor D consists of vector fields whose restriction to a
generic point of D is tangent to D. It is dual to the sheaf Q% (D) of logarithmic
1-forms, spanned over Ox by regular 1-forms and df/f where f € Ox with f #0
on X \ D, see [4, Sect. IL.3].

Theorem 3.3. Let L be the associated line bundle ]\7[0,”+1 Xcx C with the identity
character of C*. Gaudin subalgebras form a vector bundle on Mo 1. As a locally
free sheaf, it is isomorphic to the sheaf D}, (—D) of first order differential operators
on Mg 41 twisted by LV, whose symbol is logarithmic. In particular there is an
exact sequence of sheaves on X = MO,m—l

0—-0x =G, — Tx(—D)—0.

The embedding of the trivial bundle Ox sends 1 to ¢, = ZKJ. tij.

Proof. Let us introduce the abbreviated notation X = MOmH, p: X = ]\:40,n+1 —
X. Let D = p~'(D) be the pull-back to X of the divisor D. Then w is a form in
QY(X) ® t} with logarithmic coefficients. Indeed, in the coordinates (, z,t of (9)
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and fibre coordinate A € C* around a generic point of D, w has the local coordinate
expression

W= D iciciem tiid108(G — GG) + D01 <icjam tizdlog(t)
(10) + Zm<i<jgn tijdlog(zi — z;) + Zl§i<m<j§n tijdlog(z;)
+ cpdlog(N)

with the understanding that {4 = 0,(;, = z, = 1. Thus w may be paired with
invariant logarithmic vector fields on X, which in turn may be identified by Lemma
3.1 with first order differential operators on X, to give a map Div (-D) - t'®0x,
which is injective on My 1. We need to show that the map is injective on all of
X = M07n+1. Since the locus of non-injectivity is empty or of codimension one, it
is sufficient to show that the map is injective as we approach a generic point of the
divisor D. This is easy to check using (10).

The embedding of Ox sends 1 to (w, E) = ¢y, O

Thus G, is a sheaf of twisted first order differential operators with regular sin-
gularities along D, see [16], Sect. 5.2.

Remark 3.4. The divisor class of the line bundle L can be easily computed by
choosing a section. The result is

[L]=— > [Dsl.

So{1,2}

4. COISOTROPIC SPECTRA

Suppose that Ut,, — A is a homomorphism of unital algebras, e.g. A = End(V)
for some representation V of t,,. Then we get a sheaf £4 of commutative subalgebras
of Aon X = MO,n+1 as the image of the symmetric Ox-algebra SG,. By Theorem
3.3, G,, is naturally a sheaf of Lie algebras, so that SG,, is a sheaf of Poisson algebras.

Corollary 4.1. Let ¢: UtL — A be an algebra homomorphism. Then the kernel of
the induced map of sheaves of algebras v: SG, - A® Ox, is closed under Poisson
brackets.

Proof. This is basically a consequence of the fact that w is closed. The map is

defined by identifying G,, with the sheaf of C*-invariants of p,Ts(—D). It is the
algebra homomorphism sending an invariant section £ to wa(§) = p(w(§)). A

Poisson bracket of monomials &; - &k, m1, - M1, i, € Gn p*TX<7D>CX is
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sent to

({6 &em-m}) Zcp [€imiléa - & Eom -y - mi)

= ZUJA fzﬂ?g HWA fr HWA 775

r#i vy
= ZHWA &) HwA ns) wa (& n;5]) HwA &) HwA 7s)
i r<i 5<j i 55
= Z HWA(&) HWA(HS) (&wa(n;) —njwa(&)) HwA(fr) HWA(US)
0 r<i < i 5>
= Z HWA(&) HwA(ns) Eiwa(ny) HWA(US) HWA(fr)
0 r<i < 555 S
- Z HwA(Us) HwA(fr) njwa (&) [[wA(fr) I;IWA(US)
i s<j r<i r>i s>j
- Zl:[wA &) &ip(m - HwA &) —ZEIWA ns)Njp(§ HwA Ns)-
i r<i r>1 J s<yJ 8>3

In this calculation we use the fact that wa (&), wa(ns) commute with each other; the
peculiar choice of ordering of factors is necessary since their derivatives &wa(n;),
njwa(&) do not necessarily commute with them.

It follows that if p(a) = p(b) = 0 then also ¢({a,b}) = 0, which is the claim. O

Recall that Q}f( (D) is locally free and thus the sheaf of sections of a vector

bundle, the logarithmic cotangent bundle. Let us denote by T*X (D) the total
space of this vector bundle. It is the relative spectrum of the symmetric algebra
STy (—D), which is a sheaf of Poisson algebras. Thus 7*X (D) is a Poisson variety;
the Poisson structure restricts to the usual symplectic structure on the cotangent
bundle of MO n+1. The group C* acts on X preserving D. This action lifts to a
Hamiltonian action on the logarithmic cotangent bundle with moment map E €
[(X,Tg(—D)) c I(X,ST%(—D)) = O(T*X(D)).

Definition 4.2. Let a € C. The twisted logarithmic cotangent bundle T* X, (D)
with twist o is the Hamiltonian reduction E~*(a)/C*.

By construction T* X, (D) is a Poisson variety. For a = 0 it is the logarithmic
cotangent bundle of X. By definition, the regular functions on an open set U =
p~YU), U C X, are section of (ST (—D)(U))®" /I(U) where I(U) is the ideal
generated by F —

Then Corollary 4.1 can be reformulated as follows.

Corollary 4.3. Let UtL — A be an algebra homomorphism such that c,, is mapped
to al and let £ be the corresponding sheaf of commutative algebras on X = Mg 1.
Then the relative spectrum of € is a coisotropic subscheme of the twisted logarithm
cotangent bundle T* X, (D).

In particular, if A is finite dimensional, then the part of the spectrum over X° =
My n+1 is a Lagrangian subvariety of the symplectic manifold 7* X2 = (E~(a) N
T*X0%) /C*.
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APPENDIX A. STABLE CURVES OF GENUS ZERO

Recall that a stable curve of genus zero with r» > 3 marked points is a pair (C, S)
where C'is a connected projective algebraic curve of genus 0 whose singularities are
ordinary double points and S = (py, ..., p,) is an ordered set of distinct nonsingular
points of C' such that each irreducible component of C has at least three special
(marked or singular) points. The genus zero condition means that the irreducible
components are projective lines whose intersection graph is a tree. The moduli
space My, of stable rational curves with 7 > 3 marked point [9] is a smooth
algebraic variety of dimension r — 3 defined over Q. It contains as a dense open set
the quotient of the configuration space

Mo, = {z € (P)" | 2; # zj, for all i # j}/PSLs.

of r distinct labeled points on the projective line by the diagonal action of Aut(P!) ~
PSL,.

Here is a simple description of My, due to Gerritzen, Herrlich and van der
Put [7]. For each distinct (i, 4, k,1) in {1,...,7}, let Ajju: Mo, — P! be the map
sending the class of z to the cross-ratio

(zi —21)(z — 21) 1
) = a0 — )
Let V, be the set of distinct quadruples of integers between 1 and 7. Then My, is
the closure of the image of the embedding

MO,?” - (]PI)V,.’ z— ()‘v(z))vevra

sending z to the system of cross-ratios \;jri(z) € P* \ {0, 00,1}
The cross-ratios A, = A,(z) of a point in My, obey the relations
(A1) Njigr = 1/Xi g for all distinct 4, 7, k, 1.
(A\2) Ajkts = 1 — A for all distinet 4, j, k, 1.
()\3) )\ijk’lAijlm = Aijkm for all distinct i,j, k,l, m.
Theorem A.1. (Gerritzen, Herrlich, van der Put [7]) The subvariety of (P1)V" de-
fined by these relations, more precisely by their version for homogeneous coordinates
Ao = Ty /Y-
(1) zjimixije = YjikYije for all distinct 4,7, k,1.
(2) @jkiaYijrt = YijkiYjkli — TijkiYjki for all distinet 4,7, k, 1.
(3) TijriTijimYijkm = YijkiYijimTijkm for all distinct i,j,k,1,m,
is a fine moduli space of stable curves of genus zero. The dense open subvariety
My, is embedded via the cross-ratios z v (Zy : Yy)vev,, With

@ikt 2 Yigrr) = (20 — 20)(25 — 2x) = (2 — 2) (25 — 21))-

For our purpose it is useful to have a more economical description of the moduli
space by taking only cross-ratios involving a distinguished marked point. Let n =
r—+1>2and D, be the set of all distinct triples (¢, j, k) of integers between 1 and
n.! The cross-ratios Wijk(2) = Xint1,5,k(2) obey

(1l) pirj = 1/piji, for all distinct 1, j, k,

(12) pjie =1 — piji, for all distinct 4, j, k,

IFollowing [7], we denote the sets of distinct pairs, triples and quadruples by the initials Z, D,
V' of the corresponding German or Dutch numerals
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(13) pijrteiks = piji, for all distinet 4, j, k, 1.
The claim is that the homogeneous version of these relations define MOJLH:

Theorem A.2. The moduli space My ,,+1 is isomorphic to the subvariety of (P1)Pn
defined by the equations

(1) TikjTijk = YikjYijk for all (i,j, k) eD,.

(2) ZjirYije = YijkVjik — TijkYjik, for all (i,7,k) € Dy,

(3) ZijkTikiYiji = YijeYiriZiji for all (i,j, k1) € V,.
The open subvariety Mo 41 is embedded via the cross-ratios z — (Tq : Yd)deD,
with

(@ijk = yijk) = (20 — 21) (Zng1 — 25) ¢ (20 — 25) (Zng1 — 21))

Remark A.3. In [7], M07n+1 is considered as a scheme over Z, being defined as a
subscheme of [] Proj(Z[z,, y»]). Our proof applies also to this more general
setting.

vEVh 41

Proof. Let us denote by Y,, the subvariety of (P!)P~ defined by these relations.
We have an obvious map f: MO,n—s—l — Y, the projection onto the cross-ratios
Wijk = (Zint1k © Yint1,k) With (i,7,k) € D,. We show that this map is an
isomorphism by constructing the inverse map p — A = g(u). If one of 4, j, k,1 is
equal to n+ 1, Ajjx is obtained using (A1) and (A2) from

(11) Nint1,k,0 = ikl
For (i,7,k,1) € Vi, Aiji is given by either

ikl
12 Niikl =
(12) ! Hjki
or

Mkig
13 Nijkl = )
(13) i .

depending on which of the two expressions is defined (i.e. not 0/0 or co/0c.)?

We first check that (11)—(13) correctly define a map Y,, — (P!)V»+1. First of
all (A1) and (A\2) say that the map A: V,, ;1 — P! is equivariant under the natural
action of Sy on V,,41 and on P! by fractional linear transformations. Since, by (u1)
and (u2), p is Ss-equivariant, (11) defines consistently A, for v in the Sj-orbit of
(i,n+1,k,1). Next, we claim that at least one of the ratios in (12), (13) is defined.
Indeed suppose that (12) is not defined because p;r; = pjrr = 0. Then, by (ul)
and (u2), pga = 1 and pg; = u,;jll = (1—pjr) "t = 1. Thus, by (13), pri; = 1 and
(13) is defined. Similarly, if pp = pjp = 0o then py;; = 1. The same arguments
shows that (12) is defined if (13) is not. It remains to show that if the right-hand
sides of both (12), (13) are defined then they are equal. The following identity is
useful for this purpose.

Lemma A.4. Suppose ({1d)dep, obey (pl), (42) and let (i,j,k) € D,,. Then either
Wijks hikis Bkij ore a permutation of 0,00,1 or none of them belongs to {0,00,1}.
In the latter case their product is —1 or, equivalently,

Hjik

Hijk = —
Mg

2The notation z3 = z1/zo for z; = («} : @) € P! means zhzhz] = z{zyzy; this defines z3

given z1 and z2 unless z1 and x2 are both 0 = (0: 1) or co = (1:0)
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Indeed, if p;;5 = x then pjr; = 1/ = 1/(1 — x) and pg;; = 1 — 1/x, which
implies the Lemma.

This Lemma combined with (p1), (43) implies the following two identities (hold-
ing whenever the expressions are defined):
(14) ikl _ Mikj Pigl _ M7 Pkig _ kil Felj _ Hikl

Kijkl Mjki Hjil i Mg Hiik Pk Hijkl

Assume that both right-hand sides of (12),(13) are defined. We have four cases: (a)
Wikl ikt ¢ {0,00,1}. Then the second identity in (14) proves that (12),(13) agree.
(b) pkij, pui; ¢ {0,00,1}. Here the first identity implies the claim. (c) g = 0.
Since, by (u3), ikt = pikjtiji, we have either pr; = 0 or pi;; = 0. In the first
case [r;; = 1 and therefore prj = prjipra = 1-1 = 1, implying p;r = 0, in
contradiction with the assumption that the right-hand side of (12) is defined. In
the second case, py;; =1 —1/p;5 = oo and thus (13) gives A = 0 in agreement
with (12). The cases where any of ik, tjki, fikij, fi; ave 0 or oo are treated in the
same way. (d) g = 1. Then pgy = 0 and thus gk = 0. The case pg;; = 0
is covered by (c) so let ug;; = 0 whence pj = 1. Eq. (12) gives then X\ = 1.
By (u3), tir; = piripta; = 1 - paj, (pl) implies pg;; = pi; and thus also (13)
gives Ajjx = 1. The remaining case pg;; = ;5 = 1 is treated in the same way by
exchanging ¢, j and k, .

Thus g is a well-defined morphism Y,, — MgmH and by construction go f is the
identity.

It remains to show that A = g(u) obeys the relations (A1)—(A3). The first relation
(A1) is obviously satisfied. The relation (A2) is satisfied by construction if one of
1,7, k, 1 is equal to n + 1. Also by construction we have

(15) Aijkl = Mklij,
for all distinct 4, j, k, 1. If (4,7, k,1) € V,, and pji, pris € {0, 00,1}, (p1)—(p3) imply

Ny — Hati _ U=y 1= pgrpares 1 — (1 — pjun) puni
Jkli = = = =

ki Hkis Hii 1 — ks
:1+M:1_M:1_)\Ml_
1 — ki Mkl

We now consider the degenerate cases. (a) If pp;; = 0 then p; = 1 and thus
Miji = Mijkiiki = Mije and therefore also pji; = pjik. Either pj; # 0 so that
Ajris = oo and Agjp = ,uikl/ujkl = 00 - 1 = 00 - ftj1; = o0 proving the identity; or
i = 0 so that the second formula (13) applies and we have

Mk pge 1

Njkti = = = = Wikj-
Hijk Hijk Hijk
On the other hand, since ;; = 1/(1 — pji) = 1,
Mg
L= Njer =1 — =2 =1 — ppij = ks,
Hiij

proving the claim. (b) If pg; = 1 then pir = 0 = pyg;. Then either pjr = 0 and
(a) with permuted indices gives A;jr; = 1 — Aji;, which with (15) implies the claim;
or pjrr # 0 and Aijp = piki/pjee = 0. In this case Ajri; = pjii/1 = 1 — s =
1 — pjrpini = 1 — pgr - 0 = 1, since pyjr = 1 —1/pj # oo. () If s = o0
then p;, = 1 and we are in case (b) up to permutation of i and k, so that we get
Ajitk = 1 — Agjir, which reduces to the claim by using (A1) and (15). Thus the cases
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where the denominator pug; belongs to {0,00,1} are covered by (a)—(c). (d) The
case where the numerator f;;; is in {0, 0o, 1} is reduced to the previous case by the
substitution i <+ k, j <> [. Indeed (a)—(c) give Ajjjx = 1 — Apsij, which reduces to
(A2) by applying (15). This completes the proof of (A2).

Finally, if u is generic, (A3) follows from (u3):

Hikl Hilm
(16) )\z]kl/\mlm 1Lk1 Hgim )\z_]k:m-
This formula applies more generally if one or both A;j.; and Ay, are given by (12):
the only tricky case is if the left-hand side of (16) is 0 - 0o, but in this case there is
nothing to prove (see the footnote on page 11.) If both factors are given by (13),
we have (trivially):

Hkij Piig

NijriNijim = —2 —2

Kiij Hmij

The remaining case is when for one factor, say A;;x, (13) is not defined and for the
other, say A;jim, (12) is not defined. Then

Hikl i
Xijkl = , Nijim = .

Mkl Hmij

= Nijkm-

If (13) for Aijki i 0/0, i.e., pi; = 0 and pg;; = 0, we have that fi,,;; # 0 (since Aijim
is assumed to be defined by (13)) and Ajjim = 0/fmij = 0. AlSO Aijkm = Wkij/ mij
is defined and equal to zero and (A3) is obeyed. Similarly, in the case where (13) is
Aijri = 00/00, (A3) is obeyed since Ajjim = Aijrm = 0. O
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