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Abstract
In this paper we augment the usual wave-averaged mean field equations
commonly used to describe wave set-up and wave-induced mean currents in
the near-shore zone, with an empirical sediment flux law depending only on
the wave-induced mean current and mean total depth. This model allows
the bottom to evolve slowly in time, and is used to examine how sediment
transport affects wave set-up in the surf zone. We show that the mean
bottom depth in the surf zone evolves according to a simple wave equation,
whose solution predicts that the mean bottom depth decreases and the
beach is replenished. Further, we show that if the sediment flux law also
allows for a diffusive dependence on the beach slope then the simple wave
equation is replaced by a nonlinear diffusion equation which allows a
steady-state solution, the equilibrium beach profile.
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1 Introduction 1

The action of shoaling waves, and wave breaking in the surf zone, in generat- 2

ing a wave-generated mean sea-level is well-known and has been extensively 3

studied, see for instance the monographs of Mei (1983) and Svendsen (2006). 4

The simplest model is obtained by averaging the oscillatory wave field over 5

the wave phase to obtain a set of equations describing the evolution of the 6

mean fields in the shoaling zone based on small-amplitude wave theory and 7

then combining these with averaged mass and momentum equations in the 8

surf zone, where empirical formulae are used for the breaking waves. These 9

lead to a prediction of steady set-down in the shoaling zone, and a set-up in 10

the surf zone. This agrees quite well with experiments and observations, see 11

Bowen et al (1968) for instance. However, these models assume that the sea 12

bottom is rigid, and ignore the possible effects of sand transport by the wave 13

currents, and the wave-generated mean currents. Our purpose in this paper 14

is to add an empirical model of sediment transport to the wave-averaged 15

mean field equations and hence determine the effect of this extra term on 16

wave set-up. 17

There is a vast literature on sediment transport due to waves, see the 18

recent works by Caballeria et al (2002), Calvete et al (2001, 2002), Garnier et 19

al (2006), Hancock et al (2008), Lane and Restrepo (2007), Restrepo (2001), 20

Restrepo and Bona (1995) and the references therein. There are several 21

methods to model the movement of bottom sediment by the combined action 22

of waves and currents, and these can often be quite complicated, depending 23

inter alia on the nature of the sediment, and whether the sediment is confined 24

to the bottom boundary layer, or is suspended throughout a larger portion of 25

the water column. Various models have been used to describe the formation 26

of sand bars, ripples and sand waves, see for instance the afore-mentioned 27

articles and the review article by Blondeaux (2001). For the most part, these 28

models have assumed that the wave field is quasi-periodic and non-breaking, 29

and often also assume that the sediment transport is due to the mean velocity 30

field in the bottom boundary layer. However, the effect of sediment transport 31

on wave set-up, especially in the surf zone, does not appear to have been 32

examined in any detail. To remedy this, we take the point of view that the 33

wave-averaged mean field equations only need to be modified by a bottom 34

boundary condition that allows for the evolution of the bottom as sediment is 35

moved. This leads to a single extra equation in the wave-averaged mean field 36

model to represent the time evolution of the bottom. We shall achieve this 37
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end by adapting a relatively simple empirical law for the bottom sediment 38

flux, based on the sediment transport models used in similar problems in the 39

cited references above. 40

In section 2 we present the usual wave-averaged mean field equations 41

that are commonly used in the literature. Then in section 3 we introduce 42

our bottom sediment transport model and examine the consequences for wave 43

set-up. We conclude with a discussion in section 4. 44

2 Background 45

2.1 Wave field 46

In this section we recall the wave-averaged mean flow and wave action equa- 47

tions that are commonly used to describe the near-shore circulation (see 48

Mei 1983 or Svendsen 2006 for instance). We suppose that the depth and 49

the mean flow are slowly-varying compared to the waves. Then we define a 50

wave-phase averaging operator < f >= f̄ , so that we can express all quanti- 51

ties as a mean field and a wave perturbation, denoted by a “tilde” overbar. 52

For instance, 53

ζ = ζ̄ + ζ̃ . (1)

where ζ is the free surface elevation above the undisturbed depth h = h(x). 54

Then outside the surf zone, the representation for slowly-varying, small- 55

amplitude waves is, in standard notation, 56

ζ̃(x , t) ∼ a cos θ . (2)

Here a = a(x.t) is the wave amplitude and θ = θ(x, t) is the phase, such that 57

the wavenumber k, frequency Ω are given by 58

k = (k , l) = ∇θ Ω = −θt . (3)

The local dispersion relation is 59

Ω = ω + k.U , ω2 = gκ tanhκH (4)

where κ2 = k2 + l2 .

Here U(x, t) is the slowly-varying depth-averaged mean current (see below), 60

and H(x, t) = h(x) + ζ̄(x, t). To leading order, the horizontal and vertical 61
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components of the wave velocity field are respectively 62

ũ ∼ k

κ
aΩ

coshκ(z + h)

sinhκH
cos θ , w̃ ∼ aΩ

sinhκ(z + h)

sinhκH
sin θ . (5)

Importantly, note that we have ignored here any reflected wave field, which 63

is assumed to be very weak when the bottom topography is slowly varying. 64

The basic equations governing the wave field is then the kinematic equa- 65

tion for conservation of waves 66

kt +∇ω = 0 , (6)

which is obtained from (3) by cross-differentiation, the local dispersion rela- 67

tion (4), and the wave action equation for the wave amplitude 68

At +∇ · (cgA) = 0 . (7)

Here A = E/ω, where E = ga2/2 is the wave energy per unit mass, and 69

cg = ∇k · ω = U + cgk/κ, (cg = dω/dκ) is the group velocity. 70

2.2 Mean fields 71

The equations governing the mean fields are obtained by averaging the depth- 72

integrated Euler equations over the wave phase. Thus the averaged equation 73

for conservation of mass is 74

Ht +∇ · (HU) = 0 . (8)

Here H = h+ ζ̄ where h = h(x) is the time-independent undisturbed depth. 75

For the velocity field we proceed in a slightly different way, that is we define 76

u = U + u′ , (9)

where we define U so that the mean momentum density is given by 77

M = HU =<

∫ ζ

−h
u dz > , (10)

But now we need to note that u′ does not necessarily have zero mean, and
that U and ū are not necessarily the same. Indeed, from (9) and (10) we get
that

ū = U+ < u′ > , and <

∫ ζ

−h
u′ dz >= 0 .
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But u′ = ũ + O(a2), so that < u′ > is O(a2) and it follows that, correct to 78

second order in wave amplitude, 79

M = Hū+Mw , where Mw = −H < u′ >=< ζ ũ(x, 0, t) >=
E

ω
k . (11)

The term Mw in (11) is called the wave momentum, and can be expressed 80

as Mw = HUs where Us is the Stokes drift velocity. It follows that U is in 81

fact the Lagrangian mean flow. 82

Next, averaging the depth-integrated horizontal momentum equation yields
(Mei 1983)

(HU)t +∇.(HUU) = −∇. <
∫ ζ

−h
u′u′ + pI dz > + < p(z = −h) > ∇h .

Next an estimate of the bottom pressure term is made by averaging the
vertical momentum equation to get

< p(z = −h) > − g(ζ̄ + h) = ∇. <
∫ ζ

−h
w u dz > + <

∫ ζ

−h
w dz >t .

For slowly-varying small-amplitude waves, the integral terms on the right- 83

hand side may be neglected, and so < p(z = −h) >≈ g(ζ̄ + h). Using this 84

in the averaged horizontal momentum equation, and replacing the pressure 85

p with the dynamic pressure q = p+ (z − ζ̄) yields 86

(HU)t +∇.(HUU) = −∇.S− gH∇ζ̄ (12)
87

where S =<

∫ ζ

−h
[uu + qI]dz > − <

g

2
ζ̃2 > I . (13)

Here S is the radiation stress tensor. In the absence of any background 88

current, so that U is O(a2), we may use the linearized expressions (2, 5) to 89

find that 90

S ≈ cgk
E

ω
+ E[

cg
c
− 1

2
]I . (14)

where the phase speed c = ω/κ, correct to second order in the wave ampli- 91

tude. 92

. In summary, the mean field equations to be solved are the averaged 93

equation for conservation of mass (8) and the averaged equation for con- 94

servation of horizontal momentum (12), where the radiation stress tensor is 95
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given by (14). In the shoaling zone outside the surf zone, defined below, the 96

wave energy E is found by the procedure described in section 2.1, that is 97

the equation for the conservation of waves (6) combined with the dispersion 98

relation (4), the wave action equation (7), In the surf zone, an empirical ex- 99

pression for the the wave energy E is used, see section 2.4 below. In order 100

to study wave set-up, we henceforth assume that h = h(x) depends only on 101

the offshore co-ordinate x > 0, where the undisturbed shoreline is at x = 0 102

defined by h(0) = 0. Further, in the near-shore region, including all of the 103

surf zone, we shall assume that hx > 0. Then we also assume that there is 104

no transverse (y) dependence in all mean variables, and that U = (U, 0). 105

2.3 Shoaling zone 106

This is defined to be the region x > xb where xb is defined below at the end 107

of this paragraph. The surf zone, where wave breaking occurs, is x < xb 108

and is discussed in the next section 2.4. We seek steady solutions for which 109

there is no dependence on t. It then follows from the mean mass equation 110

(8) that HU is constant, in both the shoaling and the surf zone. Since H = 0 111

at the shoreline, it follows that we can set U = 0 everywhere. Then in the 112

dispersion relation (4) which holds in the shoaling zone, Ω = ω. From the 113

equation for conservation of waves (6) we see that the frequency ω and the 114

transverse wavenumber l are constants, and the the offshore wavenumber k 115

is then determined from the dispersion relation (4). As is well-known, it 116

then follows that as H → 0, |k| → ∞, that is the waves refract towards 117

the onshore direction, where we assume that the waves are propagating to- 118

wards the shoreline so that k < 0. The wave action equation (7) reduces 119

to Ecg is constant. Near the shore, we can assume that the shallow water 120

approximation holds and then cg ≈ (gh)1/2, so that 121

a2h1/2 ≈ F0 . (15)

Note that if this is evaluated in shallow water, then F0 = a20h
1/2
0 , where 122

a0 is the wave amplitude at a location offshore where h = h0. On the 123

other hand, in deep water as kh → ∞, cg → g/2ω, and then F0 = a2∞g/2ω, 124

where a∞ is the constant wave amplitude in deep water. The surf zone 125

x < xb, h < hb = h(xb) can then be defined by the criterion that hb is that 126

depth where a/h = Acr, defining an empirical breaking condition. A suitable 127

value is Acr = 0.44, see Mei (1983) or Svendsen (2006). 128
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The last step is to find the wave set-up ζ̄ from the mean momentum 129

equation (12), which here becomes 130

Sx + gHζ̄x = 0 , (16)
131

where S =
cg
c
E cos2 φ+ (

cg
c
− 1

2
)E . (17)

Here φ is the angle between the wave direction and the onshore direction, 132

and S is the “xx” component of the tensor S. As h→ 0, φ ≈ 0, cg ≈ c, S ≈ 133

3E/2, and we recover the well-known result obtained by Longuet-Higgins 134

and Stewart (1962) of a wave set-down in the shoaling zone 135

ζ̄ = − a
2

4h
= − F0

4h3/2
. (18)

Here we have assumed that ζ̄ is zero far offshore. 136

2.4 Surf zone 137

In the surf zone 0 < x < xb, 0 < h < hb, we make the usual assumption (see 138

Mei (1983) for instance) that the breaking wave height 2a is proportional to 139

the total depth H, so that 140

2a = γ H , or E =
gγ2H2

8
, (19)

Here the constant γ is determined empirically, and a typical value is γ = 0.88.. 141

To determine the mean height H = h+ ζ̄, we again use the mean momentum 142

equation (12), but now assume that S = 3E/2 = ΓgH2/2 where Γ = 3γ2/8, 143

so that 144

ΓHHx +H(H − h)x = 0 , so that H = Hb +
h− hb
(1 + Γ)

, (20)

where the constant Hb = hb + ζ̄b is determined by requiring continuity of the
total mean height at x = xb. Note that using (18)

Hb = hb −
F0

4h
3/2
b

,
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and since Hb must be positive, there is a restriction on either the offshore 145

wave amplitude a0 or a∞ through F0, or on the breaker depth hb, 146

F0 < 4h
5/2
b . (21)

Note that the expression (20) is valid for any depth h(x), although in the 147

literature it is often derived only for a linear depth profile h = αx. 148

We are now in a position to determine the displaced shoreline x = xs, 149

defined by the condition that H = 0. That is, if hs = h(xs) then H = 150

(h− hs)/1 + Γ, where 151

hs = −Γhb − (1 + Γ)ζ̄b , (22)

Note that to use the expression (22) it may be necessary to extend the def-
inition h(x) into x < 0. For instance for a linear beach, h = αx, this is
straightforward, but for a quadratic beach profile, h = βx2, the extension for
negative x should be h = −βx2 say. Note that from (18),

ζ̄b = − F0

4h
3/2
b

,

and, on combining this with the condition (21), it follows that the shoreline 152

advances (recedes), that is xs < 0, hs < 0 (xs > 0, hs > 0) when 153

F0 <
Γ

1 + Γ
4h

5/2
b ,

or
Γ

1 + Γ
4h

5/2
b < F0 < 4h

5/2
b .

(23)

Curiously, this anomalous result does not seem to have been noticed previ- 154

ously. Since there is an expectation that the shoreline should advance (see 155

Dean and Dalrymple (2002) for instance), essentially it states that the present 156

model is only valid for sufficiently small waves far offshore, defined by the 157

first inequality in (23), which slightly refines the constraint (21). 158

3 A model of bottom sediment transport 159

3.1 Formulation of a sediment flux law 160

To take account of bottom sediment transport, we must allow h = h(x.t) to 161

be a time-dependent dynamic variable. Hence the kinematic bottom bound- 162
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ary condition becomes 163

ht + u.∇h = −w , at z = −h(x, t) , (24)

Since h can now evolve with time, a second bottom boundary condition is 164

needed which is an appropriate sediment flux law 165

ht = ∇.Q , (25)

where Q is the sediment flux, evaluated at the bottom. This equation is now 166

averaged so that the sediment flux equation (25) becomes 167

h̄t = ∇.Q̄ , (26)

where Q̄ is the wave-averaged sediment flux. In the literature various flux 168

laws have been proposed, depending on the assumed sediment type. Here we 169

follow the type of formulation used by Caballeria et al (2002), Calvete et al 170

(2001, 2002), Garnier et al (2006), Restrepo (2001), and Lane and Restrepo 171

(2007). From the latter in particular, but with some simplifications, we let 172

Q̄ =
µ

1− ps
(Qb + Qs) , (27)

where ps ≈ 0.4 is the bed porosity, and µ ≈ 0.05 is a measure of how often 173

the waves are large enough to move the sediment. The quantities Qb,s are 174

the bed-load and suspended sediment fluxes respectively, and are given by 175

expressions of the form 176

Qb = νb(|uw|2U + λb|uw|3∇b) ,
Qs = νs(H|uw|3U + λs|uw|5∇b) .

(28)

Here |uw| is the wave velocity magnitude, and we recall from (11) that 177

U = ū + US is the Lagrangian mean velocity, where Us is the Stokes drift 178

velocity. b = h̄ − h0(x) is the deviation of h̄ from a reference depth h0(x), 179

which can be taken to be either the initial depth, or an equilibrium depth 180

profile. The coefficients νb and νs are for bed-load and suspended transport 181

respectively. These expressions are usually used outside the surf zone, and 182

need modification inside the surf zone, where there are many various ap- 183

proaches, see the reviews by Roelvink and Broker (1993) and that in the 184

Coastal Engineering Manual (2002). Here we assume that they remain valid, 185

but only in qualitative form, inside the surf zone. 186
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It can now be easily verified that the basic equation set, namely the equa- 187

tion for the conservation of waves (6) combined with the dispersion relation 188

(4), the wave action equation (7), the averaged equation for conservation of 189

mass (8) and the averaged equation for conservation of horizontal momentum 190

(12), where the radiation stress tensor is given by (14), all continue to hold, 191

with h replaced by h̄. However, we must note that now H = h̄+ ζ̄. With this 192

extended formulation we will re-evaluate the previously obtained expressions 193

for the wave set-up. As in section 2, we assume there is no dependence in 194

the transverse direction, and that U = (U, 0),Us = (Us, 0). 195

3.2 Shoaling zone: effect of sediment transport 196

In the shoaling zone uw ≈ ũ where ũ is given by the sinusoidal expression 197

(5). Then, assuming that the waves are in shallow water it follows that |uw|2 198

can be estimated as ga2/h = 2E/h. Since in the present theory, the beach 199

slope is assumed to be small, the diffusion terms in (28) will be omitted (but 200

see section 3.4). It follows that the sediment flux (27) is expressed as 201

Q̄shoal =
2µE

(1− ps)h
(νb + νs(2Eh)1/2)U . (29)

The Stokes drift is given by Us = Ek/ωh, and is O(E). Since we expect 202

that the Eulerian mean flow ū forced by the waves will also be at least O(E), 203

it follows that U is O(E). Hence, in the shoaling zone Q̄shoal is O(E2), 204

and hence should be consistently neglected when compared with other wave- 205

induced mean flow quantities. Hence in this preliminary study we shall ignore 206

the effect of the mean sediment flux in x > xb, and so h̄ = h(x), H = h(x)+ ζ̄ 207

and there is no alteration to the equation system derived in section 2.2. The 208

steady wave set-up solution can now be derived in the same manner described 209

in section 2.3. 210

However, it transpires that now, in the surf zone U 6= 0, and in order to 211

match at x = xb, we may need to allow for U 6= 0 in the shoaling zone as 212

well. Then, the conservation of mass equation implies that HU = M = HbUb, 213

where as usual the subscript denotes the values at x = xb. Then, instead of 214

(16) we get that 215

−M
2Hx

H2
+ Sx + gHζ̄x = 0 , (30)

where S is again given by (17), and becomes S ≈ 3E/2 as h → 0. In place 216
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of (18) we now find that 217

ζ̄ = − a
2

4h
− M2

2gh2
. (31)

Note that the extra term always enhances the set-down. We show below that 218

when ν << 1, M is order ν, and hence this term can usually be neglected. 219

3.3 Surf zone: effect of sediment transport 220

In the surf zone, we assume that the flow is dominated the sediment transport 221

is dominated by the Stokes drift Us = (Us, 0) where we estimate that US ∼ 222

−|uw|2/
√
gH. Hence in the expression (28) we replace U = Us + εū with 223

Us+εū. Here ε is a small dimensionless parameter, introduced to account for 224

weak offshore flow, especially near the shoreline. Although ε is unknown, we 225

shall assume that 0 < ε << 1, and it will then transpire that its actual value 226

is immaterial for the present model. Note that Us + εū is more conveniently 227

expressed as (1 − ε)Us + εU . For the wave field in the surf zone we use the 228

scaling |uw|/(gH)1/2 ∼ 2a/H, so that again using the empirical expression 229

(19), |uw| ∼ γ(gH)1/2. Again omitting the diffusive terms in (28), and setting 230

Q̄ = (Qsurf , 0) we obtain the expression, 231

Qsurf = ν{−F (H) +G(H)U} , (32)

F (H) = (1− ε)H(gH)1/2(1 + σ(gH)3/2) , (33)

G(H) =
ε

γ2
H(1 + σ(gH)3/2) (34)

where ν =
gγ4µνb
1− ps

, σ =
γνs
gνb

. (35)

Using the estimates νb = 1.8 × 10−4 s2m−1, νs = 1.0 × 10−3 s3m−3 the 232

dimensionless small parameter ν = 0.88× 10−4 and σ = 0.05 s3m−3. 233

The basic set of equations is then (26) using the expression (32), and (8, 234

12), 235

h̄t + ν{F (H)−G(H)U}x = 0 , (36)

Ht + (HU)x = 0 , (37)

Ut + UUx + g(1 + Γ)Hx − gh̄x = 0 . (38)

Note again that now H = h̄ + ζ̄. Since for the wave set-up problem, U = 0 236

when ν = 0 (that is, there is no sediment transport), we anticipate that 237
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when ν << 1, then U is O(ν). It transpires that for the wave set-up solution 238

of interest this is indeed the case, and hence the term G(H)U in (36) is 239

O(εν) and can be neglected. It is omitted henceforth. Before proceeding we 240

return to the full expressions (28) and note that the criteria for the neglect 241

of the diffusive terms are λbα << 1, λsα < (H/g)1/2 where α is a measure 242

of the beach slope h̄x. With λb = 0.7, λs = 2.5 s, H = 2m this implies that 243

we require that α << 1.4, 0.2 respectively. This system forms a nonlinear 244

hyperbolic system for [H,U, h̄]. The most important difference from the 245

analysis of section 2 is that equations (36, 37) show that h̄t, Ht 6= 0, and it 246

then follows that the mean offshore velocity U 6= 0 in general, albeit rather 247

small when ν << 1. 248

We can write the system (36, 37, 38) as a 3 × 3 nonlinear hyperbolic 249

system of the form 250

vt + A(v)vx = 0 , vt = [H,U, h̄] . (39)

The eigenvalues λ of A for either system are given by 251

det[A(v)− λI] = 0 , (40)

which leads to the cubic equation 252

λ{g[1 + Γ]H − (U − λ)2} − νgHF ′(H) = 0 (41)

The system is hyperbolic if this expression has three real roots. For ν << 1, 253

the roots are 254

λ1 ≈
νgHF ′(H)

{g(1 + Γ)H − U2}
λ2.3 ≈ U ± [g(1 + Γ)H]1/2 . (42)

All are real-valued, and so in this limit the system is hyperbolic. The first 255

root is the one of main interest here, as it is arises directly from the sediment 256

transport term. 257

Nonlinear hyperbolic systems support a family of simple wave solutions, 258

of the form 259

v = v(α) , (43)

where α = α(x, t) is an arbitrary new variable, and could be taken as any 260

one of the set H,U, h̄. Substitution into (39) shows that 261

αt + c(α)αx = 0 , where c = λ , (44)
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is one of the eigenvalues of A, and vα is then a corresponding eigenvector 262

given by 263

−λh̄α + νF ′(H)Hα = 0 , (45)

(U − λ)Hα +HUα = 0 , (46)

(U − λ)Uα + g(1 + Γ)Hα − gh̄α = 0 . (47)

We choose λ = λ1, the root corresponding to the sediment transport term, 264

and given approximately by (42) when ν << 1. We then readily find that 265

c =
νF ′(H)

1 + Γ
+ · · · , (48)

U =
νF (H)

(1 + Γ)H
+ · · · , (49)

H =
(h̄+ C0)

(1 + Γ)
+ · · · . (50)

Here C0 is a constant of integration, determined from a boundary matching 266

condition. Because the relation (50) is conserved through shocks, see (58) 267

below, this can be applied at x = xb so that, 268

C0 = Γhb + (1 + Γ)ζ̄b , (51)
269

so that H = Hb +
h̄− hb
(1 + Γ)

+ · · · , (52)

which is the same expression as (20) with h replaced by h̄. Note that U is 270

O(ν) with U > 0. Thus in this simple wave solution, the mean flow is weak 271

and offshore. 272

A hyperbolic system can also support discontinuous, or shock, solutions. 273

Assuming that across a discontinuity, the sediment flux, mass and momen- 274

tum are conserved, the shock conditions can be derived in the usual way by 275

integrating across the discontinuity. If the shock speed is V , then these are 276

readily obtained from the set (36, 37, 38), 277

−V [h̄] + ν[F (H)] = 0 , (53)

−V [H] + [HU ] = 0 , (54)

−V [U ] + [
U2

2
+ g(1 + Γ)H − gh̄] = 0 . (55)
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Here [·] denotes the jump across the discontinuity. When ν << 1, we see 278

that the shock speed V of interest is O(ν). Assuming that, as above, also U 279

is O(ν), the shock relations are approximated by 280

−V [h̄] + ν[F (H)] = 0 , (56)

−V [H] + [HU ] = 0 , (57)

(1 + Γ)[H]− [h̄] = 0 . (58)

Only equation (57) involves U , and equation (58) can be used to eliminate h̄ 281

so that (56, 57) reduce to 282

−V (1 + Γ)[H] + ν[F (H)] = 0 (59)
283

[(1 + Γ)HU − νF (H)] = 0 . (60)

Since F (H) is an increasing function of H, the expression (59) shows that the 284

shock speed V is positive. Also the expressions (60) shows that the simple 285

wave relation (49) for U is conserved across the shock. 286

In general, the system (39) is to be solved with the boundary conditions 287

at x = xb that [H,U, h̄] = [Hb,M/Hb, hb], where Hb = hb + ζ̄b. When we 288

assume that the solution in the shoaling zone x > xb is steady, given by (18), 289

then these boundary data are all known constants. The initial condition is 290

more problematic to specify. Here we shall assume that in the surf zone 291

[H,U, h̄] = [H0(x), 0, h(x)] at t = 0, where H0(x) is the solution (20) in 292

the absence of any sediment transport. This choice corresponds to turning 293

on the sediment transport at t = 0, and is clearly an over-simplification of 294

reality, but we expect the solution to be indicative of more realistic initial 295

conditions. In effect, we are assuming that the wave field is turned on at 296

t = 0 and reaches the sediment-free solution of section 2.4 instantaneously. 297

That is we are assuming that the time scale for the steady sediment-free 298

solution to be reached is much shorter than that for the sediment transport 299

terms to take effect. Note that there is a discontinuity in U at the point 300

x = xb, t = 0, which requires that a shock emanates from this point. In the 301

limit of interest when ν << 1, the shock speed V = O(ν) > 0, and we infer 302

that a thin layer develops near x = xb but lying in x > xb. In order to use 303

the simple wave solution discussed above when ν << 1 to solve this problem, 304

we see that in this solution U 6= 0, albeit of O(ν). we infer that there is a 305

thin boundary layer near t = 0 within which there an adjustment for U from 306

zero to the simple wave value. 307
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The simple wave solution can now be found by the method of character- 308

istics, that is 309

dx

dt
= c(h̄),

dh̄

dt
= 0 , for x < xb , (61)

310

h̄ = hb at x = xb , h̄ = h(x) at t = 0 , (62)
311

so that x− c(h̄)t = x0 , h̄ = h(x0) for x0 < xb , (63)

where x0 is the initial value of x along each characteristic. The solution can 312

be written in the form 313

h̄ = h(x− c(h̄)t) , for x− c(hb)t < xb . (64)

Since c(h̄) is an increasing function of h, it can be shown that in this simple 314

wave solution, h̄, H decrease at each fixed x as t increases, and also decrease 315

for each fixed t as x decreases, since we have assumed hx(x) > 0. Thus, in 316

this solution the beach is continually replenished. Because the characteristics 317

go offshore, they intersect a shock x = xs(t)) emanating from x = xb, t = 0, 318

where the jump conditions (59) is imposed. Thus we get that 319

−V (Hb −H(xs, t)) + ν(F (Hb)− F (H(xs, t)) = 0 , V =
dxs
dt

. (65)

Here H(xs, t) is obtained from the simple wave solution, and because the 320

shock is thin, we have approximated the values of H(x → xs+, t) as this 321

at x = xb for simplicity. The expression (65) is a differential equation that 322

determines the shock. This completes the solution. Also the expression (60) 323

for U can now be used to find the value of M , that is 324

M =
νF (Hb)

(1 + Γ)
. (66)

A typical timescale can be estimated as the time for a characteristic from 325

x = 0 to reach x = xb, that is ts = xb/c(h̄ = 0), or 326

ts =
(1 + Γ)xb
νF ′(H0(0))

, H0(0) =
C0

1 + Γ
= Hb −

hb
(1 + Γ)

. (67)

For instance, with the parameter values already specified, and with xb = 327

20m,Hb = 2m,hb = 1.8m, we find that ts = 4800 s which is a reasonable 328

value. THis estimate is dominated by the suspended sediment term, that 329
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with coefficient σ. If this is removed the estimated timescale is 7 times 330

larger. 331

For a linear beach slope h = αx, the simple wave solution (64) reduces to 332

h̄ = α(x− c(h̄)t) , (68)

For ν << 1 this reduces to the expression 333

(1 + Γ)H = αx+ C0 −
2ναF ′(H)t

1 + Γ
, (69)

where F ′(H) = (1− ε){3(gH)1/2

2
+ 3σ(gH)2} .

The first expression reduces to (20) when ν → 0, but for ν > 0 it is a quartic 334

polynomial equation for Y = (gH)1/2, which can be written as 335

Y 2 = X − 2T (Y + 2γσY 4) , T =
3(1− ε)ναgt

2(1 + Γ)2
, X =

g(αx+ C0)

1 + Γ
. (70)

Explicit solutions are not readily available, but it is readily shown that there 336

is only one positive root for Y , for each given X > 0, T > 0. Also, the 337

shoreline, where Y = 0 does note change in time, and remains at X = 0. 338

However, explicit solutions can be found in the two limits when either bed- 339

load or suspended sediment dominate. These correspond formally to the 340

respective limits σ → 0, σ →∞, when we get that 341

Y =
X

T + (T 2 +X)1/2
, or Y 2 =

2X

1 + (1 + 16γσXT )1/2
, (71)

respectively. These are plotted in figure 1 for h̄ as a function of h for a fixed 342

value of t = 1000, 6000 when σ = 0,∞ respectively. 343

3.4 Steady state 344

It is clear from (36, 37) that the present sediment transport model cannot 345

allow any steady state to form, as h̄t = Ht = 0 would then imply that H = 0, 346

which is unacceptable. Hence, if a steady state is to be reached, we must 347

replace the sediment law (32) by an expression which takes account of the 348
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Figure 1: Plot of the solution (71) for h̄ (blue) for the parameter setting
γ = 0.88, α = 0.1, hb = 2m,Hb = 1.73m, ε = 0 for t = 1000 s for the case
σ = 0 in the upper panel, and at t = 6000 s for the case σ →∞ in the lower
panel. In each case the red line is h, the value at t = 0.
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beach slope through the diffusive terms in (28). Thus, from the discussion 349

in section 3.3 we now replace (32) with 350

Qsurf ≈ ν{−F (H) +D(H)bx) ,

D(H) =
λb
γ
H(gH)1/2 + σλsγ

2gH2(gH)1/2 .
(72)

Consequently equation (36) is replaced by 351

h̄t = ν{−F (H) +D(H)bx}x , b = h̄− h0(x) . (73)

The remaining two equations (37, 38) are unchanged. Equation (73) has the 352

structure of a nonlinear diffusion equation, and so there is a possibility that a 353

steady-state can be achieved. Indeed if we assume that there is a steady-state 354

solution then U = 0, (73) implies that Q̄surf = 0, and then 355

F (H)−D(H)bx = 0 . (74)

Equation (38) can be integrated to yield 356

H(1 + Γ) = h̄+ constant . (75)

Substituting (75) into (74) yields 357

1 + γσ(gH)3/2 = (λb + σλsγgH)((1 + Γ)Hx − h0x) . (76)

Clearly the solution will depend on the choice of the reference depth, and 358

here we make the simple choice that h0(x) = constant + α0x. The general 359

solution can now be found by quadrature. However it is more instructive to 360

consider the two limits σ → 0,∞, which correspond to the cases when either 361

bed-load or suspended transport dominates. These limits yield respectively 362

σ = 0 : H =
α̃(x− xs)
(1 + Γ)

, α̃ = α0 +
γ

λb
, (77)

σ →∞ : (gH)1/2 − C0 log (1 +
(gH)1/2

C0

) =
γ(x− xs)
λs(1 + Γ)

, (78)

where C0 =
α0gλs
γ

.

Here x = xs is the shoreline, and the corresponding expressions for h̄ are 363

recovered from (75). In the case σ = 0, the profile is just a linear slope 364
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but enhanced over the reference slope α0. In the case σ → ∞, we note 365

that when α0 = 0, C0 = 0 and (77) reduces to a quadratic expression in 366

H = C1(x − xs)
2, C1 = γ2/gλ2s(1 + Γ)2, while when C0 → ∞, the profile 367

is again a quadratic expression, but now 4H → C1(x − xs)2. Also, for this 368

same case as H → 0, again 4H → C1(x − xs)
2, while as H → ∞, H → 369

C1(x − xs)2. In effect the entire solution is close to some parabolic profile. 370

For intermediate values of σ the solution varies between the linear slope (77) 371

and the expression defined by (78). We infer that these equilibrium beach 372

profiles range between a linear and a parabolic profile, and can probably be 373

well approximated by a power law (x − xs)β, 1 ≤ β ≤ 2. However, it seems 374

that the well-known Dean’s law (Dean 1991, Dean and Darlymple 2002) when 375

the profile is proportional to (x− xs)2/3 is not described by the present class 376

of solutions. Indeed, to obtain Dean’s law by the present approach requires 377

that D(H)/F (H) ∝ (gH)1/2, Examining the formula (28), we see that this 378

would require a stronger dependence on |uw| in the diffusive term than this 379

formula allows for. Whether or not the unsteady simple wave solutions of the 380

previous subsections will eventually reach a steady state requires numerical 381

solutions of (37, 38, 73), and will not be investigated here. 382

4 Summary and discussion 383

In this paper we have augmented the usual wave-averaged mean field equa- 384

tions, described in section 2, commonly used to describe wave set-up and 385

wave-induced mean currents in the near-shore zone, with a commonly ac- 386

cepted sediment flux law (28). In this model, any sediment movement in the 387

shoaling zone is ignored as being O(E2), and instead our focus is on how the 388

augmented model modifies wave set-up in the surf zone. Here the sediment 389

flux law is modelled empirically, based on (28), but with a modification to 390

reflect the dominant effect of the Stokes drift term, leading to (32). Our 391

main result in section 3.3 is that, when the diffusive terms in the flux law are 392

ignored, then there is no steady-state set-up, and instead the mean bottom 393

depth h̄ in the surf zone evolves according to a simple wave equation. This is 394

solved to yield a prediction that the beach is replenished. In section 3.4 we 395

show that if the diffusive terms in the sediment flux law (32) are retained, 396

then the simple wave equation, whose solutions are intrinsically unsteady, is 397

replaced by a nonlinear diffusion equation (73) which allows a steady-state 398

solution. This can be well represented by a power-law profile with index 399
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varying between one and two, that is between linear and parabolic profiles. 400

Although our present model makes a specific choice of the empirical pa- 401

rameters in (28), we would expect that other choices will lead to qualita- 402

tively similar results to those obtained here. A more serious limitation of the 403

present model is that the outer boundary of the surf zone x = xb is assumed 404

here to be fixed for all time. When sediment transport is allowed, the wave 405

set-up becomes unsteady, and our solution indeed indicates that xb will also 406

be unsteady, and migrate offshore as the mean total depth decreases in the 407

surf zone. This issue will await future study. Also, the present model is en- 408

tirely one-dimensional, and it would be interesting to examine the stability 409

of the solutions found here to transverse perturbations, 410
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