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Abstract

In this paper we augment the usual wave-averaged mean field equations
commonly used to describe wave set-up and wave-induced mean currents in
the near-shore zone, with an empirical sediment flux law depending only on
the wave-induced mean current and mean total depth. This model allows
the bottom to evolve slowly in time, and is used to examine how sediment
transport affects wave set-up in the surf zone. We show that the mean
bottom depth in the surf zone evolves according to a simple wave equation,
whose solution predicts that the mean bottom depth decreases and the
beach is replenished. Further, we show that if the sediment flux law also
allows for a diffusive dependence on the beach slope then the simple wave
equation is replaced by a nonlinear diffusion equation which allows a
steady-state solution, the equilibrium beach profile.
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1 Introduction

The action of shoaling waves, and wave breaking in the surf zone, in generat-
ing a wave-generated mean sea-level is well-known and has been extensively
studied, see for instance the monographs of Mei (1983) and Svendsen (2006).
The simplest model is obtained by averaging the oscillatory wave field over
the wave phase to obtain a set of equations describing the evolution of the
mean fields in the shoaling zone based on small-amplitude wave theory and
then combining these with averaged mass and momentum equations in the
surf zone, where empirical formulae are used for the breaking waves. These
lead to a prediction of steady set-down in the shoaling zone, and a set-up in
the surf zone. This agrees quite well with experiments and observations, see
Bowen et al (1968) for instance. However, these models assume that the sea
bottom is rigid, and ignore the possible effects of sand transport by the wave
currents, and the wave-generated mean currents. Our purpose in this paper
is to add an empirical model of sediment transport to the wave-averaged
mean field equations and hence determine the effect of this extra term on
wave set-up.

There is a vast literature on sediment transport due to waves, see the
recent works by Caballeria et al (2002), Calvete et al (2001, 2002), Garnier et
al (2006), Hancock et al (2008), Lane and Restrepo (2007), Restrepo (2001),
Restrepo and Bona (1995) and the references therein. There are several
methods to model the movement of bottom sediment by the combined action
of waves and currents, and these can often be quite complicated, depending
inter alia on the nature of the sediment, and whether the sediment is confined
to the bottom boundary layer, or is suspended throughout a larger portion of
the water column. Various models have been used to describe the formation
of sand bars, ripples and sand waves, see for instance the afore-mentioned
articles and the review article by Blondeaux (2001). For the most part, these
models have assumed that the wave field is quasi-periodic and non-breaking,
and often also assume that the sediment transport is due to the mean velocity
field in the bottom boundary layer. However, the effect of sediment transport
on wave set-up, especially in the surf zone, does not appear to have been
examined in any detail. To remedy this, we take the point of view that the
wave-averaged mean field equations only need to be modified by a bottom
boundary condition that allows for the evolution of the bottom as sediment is
moved. This leads to a single extra equation in the wave-averaged mean field
model to represent the time evolution of the bottom. We shall achieve this
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end by adapting a relatively simple empirical law for the bottom sediment
flux, based on the sediment transport models used in similar problems in the
cited references above.

In section 2 we present the usual wave-averaged mean field equations
that are commonly used in the literature. Then in section 3 we introduce
our bottom sediment transport model and examine the consequences for wave
set-up. We conclude with a discussion in section 4.

2 Background
2.1 Wave field

In this section we recall the wave-averaged mean flow and wave action equa-
tions that are commonly used to describe the near-shore circulation (see
Mei 1983 or Svendsen 2006 for instance). We suppose that the depth and
the mean flow are slowly-varying compared to the waves. Then we define a
wave-phase averaging operator < f >= f, so that we can express all quanti-
ties as a mean field and a wave perturbation, denoted by a “tilde” overbar.
For instance, .

(=C+(. (1)
where ( is the free surface elevation above the undisturbed depth h = h(x).
Then outside the surf zone, the representation for slowly-varying, small-
amplitude waves is, in standard notation,

((x,t) ~acosf. (2)

Here a = a(x.t) is the wave amplitude and 6 = 0(x, t) is the phase, such that
the wavenumber k, frequency () are given by

k=(k,l)=V0 Q=—-6,. (3)
The local dispersion relation is
QO=w+kU, w®=grtanhxH (4)

where k%> =k>+1%.

Here U(x, t) is the slowly-varying depth-averaged mean current (see below),
and H(x,t) = h(x) + ((x,t). To leading order, the horizontal and vertical
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components of the wave velocity field are respectively

a l_{aQCOSh k(z+ h) sinh k(z + h)

K sinh k H sinh k H

Importantly, note that we have ignored here any reflected wave field, which
is assumed to be very weak when the bottom topography is slowly varying.

The basic equations governing the wave field is then the kinematic equa-
tion for conservation of waves

cosf, w~ afd sinf . (5)

ke +Vw =0, (6)

which is obtained from (3) by cross-differentiation, the local dispersion rela-
tion (4), and the wave action equation for the wave amplitude

A+ V- (cgA) =0. (7)

Here A = E/w, where E = ga®/2 is the wave energy per unit mass, and
¢y, = Vi -w=U+ck/k, (¢; = dw/dr) is the group velocity.

2.2 Mean fields

The equations governing the mean fields are obtained by averaging the depth-
integrated Euler equations over the wave phase. Thus the averaged equation
for conservation of mass is

H,+V - (HU) =0. 8)

Here H = h+ ( where h = h(x) is the time-independent undisturbed depth.
For the velocity field we proceed in a slightly different way, that is we define

u=U+u', (9)

where we define U so that the mean momentum density is given by

¢
M:HU:</ udz >, (10)
~h

But now we need to note that u’ does not necessarily have zero mean, and

that U and u are not necessarily the same. Indeed, from (9) and (10) we get

that
¢

u=U+<u >, and </ u'dz>=0.
—h
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But u’ = u + O(a?), so that < u’ > is O(a?) and it follows that, correct to
second order in wave amplitude,

E
M = Hu+M,,, where M, =—-H <u' >=<{u(z,0,t) >= —k. (11)
w

The term M, in (11) is called the wave momentum, and can be expressed
as M,, = HU; where Uy is the Stokes drift velocity. It follows that U is in
fact the Lagrangian mean flow.

Next, averaging the depth-integrated horizontal momentum equation yields
(Mei 1983)

¢
(HU), + V.(HUU) = —-V. </ u'v’' +pldz > + <p(z=—h) > Vh.

—h

Next an estimate of the bottom pressure term is made by averaging the
vertical momentum equation to get

¢ ¢

wudz>—|—</ wdz >y .
—h

<plz=—h)> — g(C+h) :V.</

—h
For slowly-varying small-amplitude waves, the integral terms on the right-
hand side may be neglected, and so < p(z = —h) >~ ¢({ + h). Using this
in the averaged horizontal momentum equation, and replacing the pressure

p with the dynamic pressure ¢ = p + (z — () yields

(HU), + V.(HUU) = —V.8 — gHV( (12)
¢ .
where S =< / [uu + ¢l]dz > — < gCQ > 1. (13)
—h

Here S is the radiation stress tensor. In the absence of any background
current, so that U is O(a?), we may use the linearized expressions (2, 5) to
find that 5 1
c
~ck—+FE[2 - I. 14
ek + B[ — ] (14)

where the phase speed ¢ = w/k, correct to second order in the wave ampli-
tude.

In summary, the mean field equations to be solved are the averaged
equation for conservation of mass (8) and the averaged equation for con-
servation of horizontal momentum (12), where the radiation stress tensor is
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given by (14). In the shoaling zone outside the surf zone, defined below, the
wave energy F is found by the procedure described in section 2.1, that is
the equation for the conservation of waves (6) combined with the dispersion
relation (4), the wave action equation (7), In the surf zone, an empirical ex-
pression for the the wave energy E is used, see section 2.4 below. In order
to study wave set-up, we henceforth assume that h = h(x) depends only on
the offshore co-ordinate x > 0, where the undisturbed shoreline is at x = 0
defined by h(0) = 0. Further, in the near-shore region, including all of the
surf zone, we shall assume that h, > 0. Then we also assume that there is
no transverse (y) dependence in all mean variables, and that U = (U, 0).

2.3 Shoaling zone

This is defined to be the region x > x;, where x; is defined below at the end
of this paragraph. The surf zone, where wave breaking occurs, is z <
and is discussed in the next section 2.4. We seek steady solutions for which
there is no dependence on t. It then follows from the mean mass equation
(8) that HU is constant, in both the shoaling and the surf zone. Since H =0
at the shoreline, it follows that we can set U = 0 everywhere. Then in the
dispersion relation (4) which holds in the shoaling zone, 2 = w. From the
equation for conservation of waves (6) we see that the frequency w and the
transverse wavenumber [ are constants, and the the offshore wavenumber &
is then determined from the dispersion relation (4). As is well-known, it
then follows that as H — 0, |k| — oo, that is the waves refract towards
the onshore direction, where we assume that the waves are propagating to-
wards the shoreline so that k& < 0. The wave action equation (7) reduces
to Ec, is constant. Near the shore, we can assume that the shallow water
approximation holds and then ¢, ~ (gh)'/2, so that

a?h? =~ Fy. (15)
Note that if this is evaluated in shallow water, then Fy = aghé/ ? where
ap is the wave amplitude at a location offshore where h = hy. On the

other hand, in deep water as kh — 00,¢, = ¢/2w, and then Fy = a2 g/2w,
where a,, is the constant wave amplitude in deep water. The surf zone
x < xp,h < hy = h(xp) can then be defined by the criterion that h; is that
depth where a/h = A.., defining an empirical breaking condition. A suitable
value is A, = 0.44, see Mei (1983) or Svendsen (2006).
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The last step is to find the wave set-up ¢ from the mean momentum
equation (12), which here becomes

1
where S=9F cos® ¢ + (C—g - §)E (17)
c c

Here ¢ is the angle between the wave direction and the onshore direction,
and S is the “z2” component of the tensor S. Ash — 0, ¢ = 0,¢, = ¢, S =
3E/2, and we recover the well-known result obtained by Longuet-Higgins
and Stewart (1962) of a wave set-down in the shoaling zone

= CL2 F()
CEu T Taen (18)

Here we have assumed that ¢ is zero far offshore.

2.4 Surf zone

In the surf zone 0 < z < x3,,0 < h < hy, we make the usual assumption (see
Mei (1983) for instance) that the breaking wave height 2a is proportional to
the total depth H, so that

_ gy H?
8 )

20=vH, or E (19)
Here the constant 7 is determined empirically, and a typical value is v = 0.88..
To determine the mean height H = h+ (, we again use the mean momentum
equation (12), but now assume that S = 3E/2 = TgH?/2 where I = 3v%/8,
so that

h — hy

I'HH,+ HH —h), =0, sothat H=Hy+ ——, 20

where the constant Hj, = hy + ( is determined by requiring continuity of the
total mean height at = x;,. Note that using (18)

Fy

Hy="hy— —5,
4n3?
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and since H, must be positive, there is a restriction on either the offshore
wave amplitude ag or as through Fy, or on the breaker depth hy,

Fy < 4R (21)

Note that the expression (20) is valid for any depth h(z), although in the
literature it is often derived only for a linear depth profile h = aux.

We are now in a position to determine the displaced shoreline z = xy,
defined by the condition that H = 0. That is, if hy = h(zs) then H =
(h — hs)/1+ T, where

h’s - _th - (1 + F)Eba (22)

Note that to use the expression (22) it may be necessary to extend the def-
inition h(x) into x < 0. For instance for a linear beach, h = ax, this is
straightforward, but for a quadratic beach profile, h = S22, the extension for
negative x should be h = —fz? say. Note that from (18),

_ F
&=~
AR3?

and, on combining this with the condition (21), it follows that the shoreline
advances (recedes), that is 23 < 0,hs <0 (zs > 0,hs > 0) when

r 5/2
Fy, < —4h
R T AR

or HLFML?/Q < Fy < 4h)”.
Curiously, this anomalous result does not seem to have been noticed previ-
ously. Since there is an expectation that the shoreline should advance (see
Dean and Dalrymple (2002) for instance), essentially it states that the present
model is only valid for sufficiently small waves far offshore, defined by the
first inequality in (23), which slightly refines the constraint (21).

(23)

3 A model of bottom sediment transport

3.1 Formulation of a sediment flux law

To take account of bottom sediment transport, we must allow h = h(x.t) to
be a time-dependent dynamic variable. Hence the kinematic bottom bound-
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ary condition becomes
hi + u.Vh=—w, at z=—h(xt), (24)

Since h can now evolve with time, a second bottom boundary condition is
needed which is an appropriate sediment flux law

hy =V.Q, (25)

where Q is the sediment flux, evaluated at the bottom. This equation is now
averaged so that the sediment flux equation (25) becomes

where Q is the wave-averaged sediment flux. In the literature various flux
laws have been proposed, depending on the assumed sediment type. Here we
follow the type of formulation used by Caballeria et al (2002), Calvete et al
(2001, 2002), Garnier et al (2006), Restrepo (2001), and Lane and Restrepo
(2007). From the latter in particular, but with some simplifications, we let

1

Qzl_ps

(Qb + Qs) ) (27)

where p, &~ 0.4 is the bed porosity, and u ~ 0.05 is a measure of how often
the waves are large enough to move the sediment. The quantities Q;, are
the bed-load and suspended sediment fluxes respectively, and are given by
expressions of the form

Qp = v (|uy|*U + \y|u,|*Vb)

28
Q. = vs(H|u,|*U + A\ |[u,|°Vb) . (28)

Here |u,| is the wave velocity magnitude, and we recall from (11) that
U = u + Uy is the Lagrangian mean velocity, where U is the Stokes drift
velocity. b = h — hg(x) is the deviation of h from a reference depth ho(z),
which can be taken to be either the initial depth, or an equilibrium depth
profile. The coefficients v, and v, are for bed-load and suspended transport
respectively. These expressions are usually used outside the surf zone, and
need modification inside the surf zone, where there are many various ap-
proaches, see the reviews by Roelvink and Broker (1993) and that in the
Coastal Engineering Manual (2002). Here we assume that they remain valid,
but only in qualitative form, inside the surf zone.
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It can now be easily verified that the basic equation set, namely the equa-
tion for the conservation of waves (6) combined with the dispersion relation
(4), the wave action equation (7), the averaged equation for conservation of
mass (8) and the averaged equation for conservation of horizontal momentum
(12), where the radiation stress tensor is given by (14), all continue to hold,
with h replaced by h. However, we must note that now H = h+¢. With this
extended formulation we will re-evaluate the previously obtained expressions
for the wave set-up. As in section 2, we assume there is no dependence in
the transverse direction, and that U = (U, 0), Uy = (Us, 0).

3.2 Shoaling zone: effect of sediment transport

In the shoaling zone u, ~ u where u is given by the sinusoidal expression
(5). Then, assuming that the waves are in shallow water it follows that |u,,|*
can be estimated as ga®/h = 2FE/h. Since in the present theory, the beach
slope is assumed to be small, the diffusion terms in (28) will be omitted (but
see section 3.4). It follows that the sediment flux (27) is expressed as

2uE

m(ub + v, (2ER)YHU. (29)

Qshoal =

The Stokes drift is given by Uy = Ek/wh, and is O(F). Since we expect
that the Eulerian mean flow u forced by the waves will also be at least O(E),
it follows that U is O(E). Hence, in the shoaling zone Qpnoa is O(E?),
and hence should be consistently neglected when compared with other wave-
induced mean flow quantities. Hence in this preliminary study we shall ignore
the effect of the mean sediment flux in x > a3, and so h = h(z), H = h(z)+(
and there is no alteration to the equation system derived in section 2.2. The
steady wave set-up solution can now be derived in the same manner described
in section 2.3.

However, it transpires that now, in the surf zone U # 0, and in order to
match at © = x3,, we may need to allow for U # 0 in the shoaling zone as
well. Then, the conservation of mass equation implies that HU = M = H,Uy,,
where as usual the subscript denotes the values at © = x;,. Then, instead of
(16) we get that

M?H,
2
where S is again given by (17), and becomes S ~ 3FE/2 as h — 0. In place

+Sw+gHC_x:07 (3())
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of (18) we now find that

(31)

Note that the extra term always enhances the set-down. We show below that
when v << 1, M is order v, and hence this term can usually be neglected.

3.3 Surf zone: effect of sediment transport

In the surf zone, we assume that the flow is dominated the sediment transport
is dominated by the Stokes drift Us = (Us, 0) where we estimate that Ug ~
—|u,|*/v/gH. Hence in the expression (28) we replace U = U, + eu with
U+ eu. Here € is a small dimensionless parameter, introduced to account for
weak offshore flow, especially near the shoreline. Although € is unknown, we
shall assume that 0 < € << 1, and it will then transpire that its actual value
is immaterial for the present model. Note that U + eu is more conveniently
expressed as (1 — €)Uy + €U. For the wave field in the surf zone we use the
scaling |u,|/(gH)'Y? ~ 2a/H, so that again using the empirical expression
(19), |uy| ~ y(gH)"?. Again omitting the diffusive terms in (28), and setting
Q = (Qsurs, 0) we obtain the expression,

Qsury = v{—F(H)+GH)U}, (32)
F(H) = (1—e¢)H(gH)"*(1+0o(gH)*?), (33)
G(H) = 7iH(1+a(gH)3/2) (34)
where v = AN , o= s (35)
1 —ps v
Using the estimates v, = 1.8 x 1074s2m™!, v, = 1.0 x 1073 s3m=3 the

dimensionless small parameter v = 0.88 x 10~* and ¢ = 0.05 s> m 3.

The basic set of equations is then (26) using the expression (32), and (8,
12),

hi+v{F(H)-GH)U}, = 0, (36)
Hy+ (HU), = 0, (37)
U +UU, +9g(1+T)H, — gh, = 0. (38)

Note again that now H = h + (. Since for the wave set-up problem, U = 0
when v = 0 (that is, there is no sediment transport), we anticipate that
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when v << 1, then U is O(v). It transpires that for the wave set-up solution
of interest this is indeed the case, and hence the term G(H)U in (36) is
O(ev) and can be neglected. It is omitted henceforth. Before proceeding we
return to the full expressions (28) and note that the criteria for the neglect
of the diffusive terms are \ya << 1, \;a < (H/g)'/? where « is a measure
of the beach slope h,. With A\, = 0.7, \; = 2.55, H = 2m this implies that
we require that a << 1.4,0.2 respectively. This system forms a nonlinear
hyperbolic system for [H,U,h]. The most important difference from the
analysis of section 2 is that equations (36, 37) show that h;, H; # 0, and it
then follows that the mean offshore velocity U # 0 in general, albeit rather
small when v << 1.

We can write the system (36, 37, 38) as a 3 x 3 nonlinear hyperbolic
system of the form

vi+A(V)v, =0, v'=[HUH. (39)
The eigenvalues A of A for either system are given by
det[A(v) — M| =0, (40)
which leads to the cubic equation
Mgl+T]H — (U= \)?} —vgHF'(H) =0 (41)

The system is hyperbolic if this expression has three real roots. For v << 1,
the roots are

vgHF'(H)
{901 +T)H — U?}

YRS Xos =~ U= [g(1+T)H]Y2. (42)
All are real-valued, and so in this limit the system is hyperbolic. The first
root is the one of main interest here, as it is arises directly from the sediment
transport term.

Nonlinear hyperbolic systems support a family of simple wave solutions,

of the form
v =v(a), (43)

where o = a(z,t) is an arbitrary new variable, and could be taken as any
one of the set H, U, h. Substitution into (39) shows that

a;+c(a)a, =0, where c¢= X\, (44)
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is one of the eigenvalues of A, and v, is then a corresponding eigenvector
given by

~Mhg +vF'(H)H, = 0, (45)
(U~ NH,+HU, = 0, (46)
(U~ NUqy+9g(1+T)Hy — ghe = 0. (47)

We choose A = \q, the root corresponding to the sediment transport term,
and given approximately by (42) when v << 1. We then readily find that

 vF'(H)
c = TE ot (48)
vF(H)
YT aemE T (49)
_ (hxG)
= Tm (50)

Here () is a constant of integration, determined from a boundary matching
condition. Because the relation (50) is conserved through shocks, see (58)
below, this can be applied at x = x;, so that,

Co=Thy+(1+1), (51)

h — hy
(1+1)

which is the same expression as (20) with h replaced by h. Note that U is
O(v) with U > 0. Thus in this simple wave solution, the mean flow is weak
and offshore.

A hyperbolic system can also support discontinuous, or shock, solutions.
Assuming that across a discontinuity, the sediment flux, mass and momen-
tum are conserved, the shock conditions can be derived in the usual way by
integrating across the discontinuity. If the shock speed is V', then these are
readily obtained from the set (36, 37, 38),

so that H = H, + + (52)

VR + v[F(H)] = 0, (53)
_V[H]+[HU] = 0, (54)
—V[U]+[U;+g(1+r)ﬂ—gﬁ] = 0. (55)
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Here [-] denotes the jump across the discontinuity. When v << 1, we see
that the shock speed V' of interest is O(v). Assuming that, as above, also U
is O(v), the shock relations are approximated by

~V[h|+v[F(H)] = 0, (56)
~V[H]+[HU] = 0, (57)
(1+T)[H]—-1[h] = 0. (58)

Only equation (57) involves U, and equation (58) can be used to eliminate h
so that (56, 57) reduce to

—V(1+T)[H] + v[F(H)] =0 (59)

[(1+T)HU — vF(H)] = 0. (60)

Since F'(H) is an increasing function of H, the expression (59) shows that the
shock speed V' is positive. Also the expressions (60) shows that the simple
wave relation (49) for U is conserved across the shock.

In general, the system (39) is to be solved with the boundary conditions
at © = x, that [H,U, h] = [Hy, M/H,, hy), where H, = hy + (,. When we
assume that the solution in the shoaling zone x > x,, is steady, given by (18),
then these boundary data are all known constants. The initial condition is
more problematic to specify. Here we shall assume that in the surf zone
[H,U,h] = [Ho(z),0,h(x)] at t = 0, where Hy(x) is the solution (20) in
the absence of any sediment transport. This choice corresponds to turning
on the sediment transport at ¢t = 0, and is clearly an over-simplification of
reality, but we expect the solution to be indicative of more realistic initial
conditions. In effect, we are assuming that the wave field is turned on at
t = 0 and reaches the sediment-free solution of section 2.4 instantaneously.
That is we are assuming that the time scale for the steady sediment-free
solution to be reached is much shorter than that for the sediment transport
terms to take effect. Note that there is a discontinuity in U at the point
x = xp,t = 0, which requires that a shock emanates from this point. In the
limit of interest when v << 1, the shock speed V' = O(v) > 0, and we infer
that a thin layer develops near x = x;, but lying in z > x,. In order to use
the simple wave solution discussed above when v << 1 to solve this problem,
we see that in this solution U # 0, albeit of O(v). we infer that there is a
thin boundary layer near t = 0 within which there an adjustment for U from
zero to the simple wave value.
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The simple wave solution can now be found by the method of character-
istics, that is

dz dh

EZC(B)’ %ZO’ for x <y, (61)
h=h, at w=ux,, h=h(xr) at t=0, (62)
sothat x —c(h)t =xz¢,h = h(zy) for zy <y, (63)

where xg is the initial value of x along each characteristic. The solution can
be written in the form

h=h(x—c(h)t), for x—c(hy)t<uxy. (64)
Since c(h) is an increasing function of h, it can be shown that in this simple
wave solution, h, H decrease at each fixed x as t increases, and also decrease
for each fixed t as = decreases, since we have assumed h,(x) > 0. Thus, in
this solution the beach is continually replenished. Because the characteristics
go offshore, they intersect a shock = = x4(t)) emanating from = = x;,t = 0,
where the jump conditions (59) is imposed. Thus we get that

_dwg

—V(Hy = H(zo,)) + v(F(Hy) = F(H(w,, 1)) =0, V=2,

(65)

Here H(x4,t) is obtained from the simple wave solution, and because the
shock is thin, we have approximated the values of H(x — x4+,t) as this
at © = x, for simplicity. The expression (65) is a differential equation that
determines the shock. This completes the solution. Also the expression (60)
for U can now be used to find the value of M, that is

. VF(H{,)
M = R (66)

A typical timescale can be estimated as the time for a characteristic from
x = 0 to reach © = xy, that is t; = x/c(h = 0), or

Co hb
= or0) PO ==

T+ (67)

For instance, with the parameter values already specified, and with z, =
20m, Hy, = 2m, hy, = 1.8 m, we find that t, = 4800 s which is a reasonable

value. THis estimate is dominated by the suspended sediment term, that
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with coefficient o. If this is removed the estimated timescale is 7 times
larger.
For a linear beach slope h = ax, the simple wave solution (64) reduces to

h=a(x —c(h)t), (68)

For v << 1 this reduces to the expression

(1+F)H:ax+00—%/(r}[>t, (69)
1/2
where F'(H) = (1-— e){% +30(gH)*}.

The first expression reduces to (20) when v — 0, but for v > 0 it is a quartic
polynomial equation for Y = (¢H)'/?, which can be written as
3(1 — e)vagt glax + Cy)
V2=X-2T(Y +2y0Y"), T="r——, X="T—1+2 (70
(Y +270Y7), 2(1+1)2 7’ 14T (70)
Explicit solutions are not readily available, but it is readily shown that there
is only one positive root for Y, for each given X > 0,7 > 0. Also, the
shoreline, where Y = 0 does note change in time, and remains at X = 0.
However, explicit solutions can be found in the two limits when either bed-
load or suspended sediment dominate. These correspond formally to the
respective limits o — 0,0 — oo, when we get that

X 2X
or Y?=

= 71
T+ (T?+ X)V/2° 14+ (1+16y0XT)V/2’ (71)

respectively. These are plotted in figure 1 for h as a function of h for a fixed
value of ¢ = 1000, 6000 when o = 0, co respectively.

3.4 Steady state

It is clear from (36, 37) that the present sediment transport model cannot
allow any steady state to form, as hy = H; = 0 would then imply that H = 0,
which is unacceptable. Hence, if a steady state is to be reached, we must
replace the sediment law (32) by an expression which takes account of the
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Figure 1: Plot of the solution (71) for h (blue) for the parameter setting
v =088, a0 =0.1,hy =2m,H, = 1.73m,e = 0 for t = 1000 s for the case
o = 0 in the upper panel, and at t = 6000 s for the case ¢ — oo in the lower
panel. In each case the red line is h, the value at ¢ = 0.
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beach slope through the diffusive terms in (28). Thus, from the discussion
in section 3.3 we now replace (32) with

Qsurr =~ V{—F(H)+ D(H)b,),

A 72
D) = 2 H(gH) + 029 g H) . "

Consequently equation (36) is replaced by
hi =v{—F(H)+ D(H)by}», b=h—ho(z). (73)

The remaining two equations (37, 38) are unchanged. Equation (73) has the
structure of a nonlinear diffusion equation, and so there is a possibility that a
steady-state can be achieved. Indeed if we assume that there is a steady-state
solution then U = 0, (73) implies that Qs = 0, and then

F(H) — D(H)b, = 0. (74)
Equation (38) can be integrated to yield
H(1+T) = h+ constant . (75)
Substituting (75) into (74) yields
1+70(gH)*? = (A + oAygH) (1 + T)H, — hoy) . (76)

Clearly the solution will depend on the choice of the reference depth, and
here we make the simple choice that ho(z) = constant + apz. The general
solution can now be found by quadrature. However it is more instructive to
consider the two limits ¢ — 0, co, which correspond to the cases when either
bed-load or suspended transport dominates. These limits yield respectively

o B a(r — xy) . l
oc=20: —(1+F) , Oé—Oéo—i‘Ab, (77)
H)'? 0 y(x =)
. H 1/2 1 1 (g _ s
O‘O.g)\s

where Cy= .
8

Here = z, is the shoreline, and the corresponding expressions for h are
recovered from (75). In the case 0 = 0, the profile is just a linear slope
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but enhanced over the reference slope ay. In the case ¢ — 00, we note
that when g = 0,Cy = 0 and (77) reduces to a quadratic expression in
H = Ci(x — 2,)?,C; = 7v*/gA2(1 + I')?, while when Cy — oo, the profile
is again a quadratic expression, but now 4H — C)(x — x,)%. Also, for this
same case as H — 0, again 4H — C)(r — z,)?, while as H — oo, H —
Ci(x — x4)% In effect the entire solution is close to some parabolic profile.
For intermediate values of o the solution varies between the linear slope (77)
and the expression defined by (78). We infer that these equilibrium beach
profiles range between a linear and a parabolic profile, and can probably be
well approximated by a power law (z — x,)?,1 < 8 < 2. However, it seems
that the well-known Dean’s law (Dean 1991, Dean and Darlymple 2002) when
the profile is proportional to (z — z,)?/? is not described by the present class
of solutions. Indeed, to obtain Dean’s law by the present approach requires
that D(H)/F(H) o (gH)"?, Examining the formula (28), we see that this
would require a stronger dependence on |u,| in the diffusive term than this
formula allows for. Whether or not the unsteady simple wave solutions of the
previous subsections will eventually reach a steady state requires numerical
solutions of (37, 38, 73), and will not be investigated here.

4 Summary and discussion

In this paper we have augmented the usual wave-averaged mean field equa-
tions, described in section 2, commonly used to describe wave set-up and
wave-induced mean currents in the near-shore zone, with a commonly ac-
cepted sediment flux law (28). In this model, any sediment movement in the
shoaling zone is ignored as being O(E?), and instead our focus is on how the
augmented model modifies wave set-up in the surf zone. Here the sediment
flux law is modelled empirically, based on (28), but with a modification to
reflect the dominant effect of the Stokes drift term, leading to (32). Our
main result in section 3.3 is that, when the diffusive terms in the flux law are
ignored, then there is no steady-state set-up, and instead the mean bottom
depth A in the surf zone evolves according to a simple wave equation. This is
solved to yield a prediction that the beach is replenished. In section 3.4 we
show that if the diffusive terms in the sediment flux law (32) are retained,
then the simple wave equation, whose solutions are intrinsically unsteady, is
replaced by a nonlinear diffusion equation (73) which allows a steady-state
solution. This can be well represented by a power-law profile with index
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varying between one and two, that is between linear and parabolic profiles.

Although our present model makes a specific choice of the empirical pa-
rameters in (28), we would expect that other choices will lead to qualita-
tively similar results to those obtained here. A more serious limitation of the
present model is that the outer boundary of the surf zone z = z; is assumed
here to be fixed for all time. When sediment transport is allowed, the wave
set-up becomes unsteady, and our solution indeed indicates that x; will also
be unsteady, and migrate offshore as the mean total depth decreases in the
surf zone. This issue will await future study. Also, the present model is en-
tirely one-dimensional, and it would be interesting to examine the stability
of the solutions found here to transverse perturbations,
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